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CoulombScatteringofaSphericalWave

KoichiNAKAMURA

Inourpaper[1]onthepointsourceelectronmicroscope,wesolvedthescat-

te蓋ngprol〕lemwithasphericalincidentwavetosimulatetheholographicim-

age.Therethesca眈eringpotentialhasbeenassumedtobeashortrangeone,

sothatwecannotapplytheresultwe6btainedtot}lecasethatanobjectcon-

tainsions,becauseoft}ieslowdecreaseoftheCoulombpotential.Totreatsuch

anobject,weneedtoextendourargumenttoonewitblongrangepotentials.In

thisnote,wewilldiscussthesimplestcasewheretheobjectconsistsofonly

の
onelon.

OurproblemistofindasolutionoftheSchr6dingerequationwiththe

Coulombpotential,

(ZZ'e2-∠十 γ)ψ(テ)一 働(・)

suchthat

eikV-fil

v(γ)=1〆 -Rl+φ(デ),(2)

whereφ(カcontainsonlyoutgoingwavecomponent.Herewetakethe'origin

atthecenterofthepotentialand'」 臣isthepositionvectorofthesourceofthein-

cidentsphericalwave.・ 、

Weexpandψ のintopartialwaves,
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1。 。'

tS'(テ)=7
、乱 Σ,u・描(「)y「(θ・φ)・(3)

thenthesphericalfunctio血eclm(r)satis丘estheequation

(d22kn'(1+1〃2アr2)+ゐ ・)Ulm(r)一 ・,(4)

with銘=ZZθ2/2k.

Wealsohavetheexpansion

e瑚 デーRl1・ ・'

.1ゲ ーR「 一二 Σ Σ 嬬)(γr.1=Om=一')γ「(θ・φ)・(5)

`

where

・ μli2)(r)=・4π ゴカη',(カγ_)h}i)(鳶 γ+)yr*(θ,φ),'(6)

with夕_ .=min(r,R),r+=max(r,1～).Here元)altdhEi)arethesphericalBessel

functionandthespherica1】 日[ankelfunctionrespectivelyandθa皿dφdenote　
thepolarandazimuthanglesofthevectorR・respectively.

Wenotethatμf£)(r)givenby(6)satis丘es

'

(d2'」(」+1dr2r2)+綱(・)一 ・・(7)

NowweconsidertheGreen'sfunctiongf+)(■ ち γ)ofeq.(4)withoutgoing

wav・b・ ・mdary・ ・nditi・nwhi・hi・d・r・tib・dassati・fyingtheequati・n

(多 一2三 一'(?t')+り91・ ・(r,〆)一δ(一〆)・(8)

ThisGreen'sfunctionisfoundtobe(cf.eq.(14.50)inNewton's1)ook[2])

r(1十1十in)

9}+)('ち γ)+D'(4k2・ 〆)}(「+〆)2ゐ(2r+、)!

× φ('十1十in,21十2;-2ikr<)望('十1十in,2『 十2;-2ifer>),

・(9)

wherer<=min(r,〆),r>=max(ア,〆).φ(α,b;x)istheconfluent
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hypergeometricfunction,

・・r(a+5)」 「(蹴s

φ(a・b;x)=
、目r(b+,)r(α),!・(10)

and～F(α,b;x)istheirregularco且uenthypergeometricfunctionde五ned})y

V(」 「(1-b)a・b;x)=r(
a_b+1)φ(α ・み;x)+τ 監})x1-』+・ ・2-b;x)・

(11)

ByusingtheaboveGreen'sfunction,thesoluti皿ofeq.(4),utm(r),iswrit-

tenas

u・m(・)一婦(・)+2カ π∫1〃'gl・・(ち〆州 〆)・(・2)'

Wecanseethattheaboveuitl(夕)satis五eseq.(4)bymakinguseofeqs,(7)and

(8).・',

Su1〕stituting(12)intoeq.(3),weobtainthesolutionofeq.(1),{μ(テ).Eq.(5)

showsthatthefirsttermof(12)leadstothe趾stte㎜of(2)andhencethe

scatteredwavefunctionφ(ア)iswrittenas

ゴ

φ(デ)一一π竺8(2'+・)(2k・)・+IF隠 裏)君 ㈲'

×le∫ld〆(2〃〆y+1綱 こ)力臓)

× φ(『十1十in,21十2;-2`為 γ乏)Ψ('十1十`n,21十2;-2ikr～ 〉).(13)

Theintegralwithrespectto〆isdevidedintothreeparts:

ハ

k∫ld〆…-le∫ld〆…+ξ∫1日〆…+カ∫1〃…・(・4)

BythedefinitionsOfr_,γ+,r<andr>,thethirdparttakestheformas

k∫ld〆 … 一∫・㈱ φ(1+・+in'・2'+2;-2ik・)

-3一



×k∫1ば 〆(2カ〆ソ榊(∫+・+痂 ・2」+2;-2輌 醐1)(〃 〆)・

(15)

Sincetheconfiguration'whichweareinterestedinis1《 為、没《 カγ,wecanusethe

a・卿pt・ti・
、f・・m・fyo'and,h}')f・ ・1a・g・ 嵩〆inth・int・9rand・

1
V(∫+・ 坤21+2;-2輌"〆)一( -2酬+1+…(16)

eiA〆,
力{1W)一(－i)'+'iii〆 ・(17)

Thentheint・9・alin(15)・eaq・

le∫ld〆…一∫1㌶(1 -2ix)玩一・(ご)・(・8)

Thereforewecaneglectthethirdtemof(14).

SimlarlytheSeCOndpartOf-(14)iSWrittenaS

〃∫鰍 〆… 一刀(力R)Ψ(r+・+批2∫+2;-2漉 ・)

×k∫ld〆(2カ 〆ソ+・・'k・'¢(1+・+批2'+2;-2輌 剛1)(k〆)・

(19)

Herewecanalsousetheasymptdticformofφandh}i)intheintegrand,thatis,

φ(Z+・+仇,2'+2;-2`〃 ン')一吉 鴇)(2誌+1.、,

+τ 篭 等)・ 一( -2ゴ"})、+1.、。(2・)

andbq.(・4)f・ ・房 ・).Th・nth・ipteg・alin(・9)b
.ec・mes
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r蒜 皇)∫1.dU÷(1-2ix)in+r晋 竺皇)(一 ・)'・1∫霧(2え)・ ピ

(21)
ThecontributionofthesecondtermisO(1/孕R)as(18),sothatwecan

neglectthis.Andthefirsttermyields

F;鴇)e・ ・1・)・:(21e・)in[・一(÷)'n]・(22)

Therefore,forthesecondpartof(14),wehave

k∫ld〆…÷;… 鵠)」'(leR)( -2‡,),.、[・一(÷ ア]・(23)

here
、wemakeuseoftheasymptoticform(16).

Forthefirstpartof(14),wehave

k∫ld〆 …-hli・ ㈱ Ψ('+1+`n,2～+2;-2ik・)
.

×le∫ld〆(2k〆)H・1・1・ ・'φ(1+1+in,21+2;-2獅(le〆)

eikR1
～(一`ソ+1

kR(-2ikr口+1+in

×k∫id〆(2fe〆 …el・ ・'di(1+1+in・2t+2;-2醐(lert)・(24)

Togettheiastexpression,weusetheasymptoticformof!Uandh}i),(16)and

(17).

Adding(23)to(24),wehavetheintegral(14)apdhencetheexpressionfor

thescatteredwavef皿ctionφ(デ):

φ(→)一÷ 癬 ・[・一(÷)'n]
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ゴ

+芸(2ゐ ・)一㍍墓(2'+・)・i(R)Pl(一 ア嘉)・(25)

Here1}(R)isgivenby

・i面 一 一2π ∬4・'lul・)(・)(カ 〆)ブ・(k〆)・
、(26)

whe・eweuseth・Newt・n'・n・tati・n(・q・(14・46)inN・wt・n'・b・ ・k[2])・

lP・1・…)㈲ 一÷(2克 ・)'+1`仇 「蹴;)el・ ・φ(1+・+in・21+2;-2輌 彦・)・

・ 、 ・、(27)

.To6btainthefirstterrriof(25),thefollowihg6xpansionismadeuseof,

り
・⊇-8(2∫+・ 綱)Pi(一 瓢(28)

Inthep・evi・uspape・[1]・wew・ ・t・th・reequ・ti・nbytakingth・ ・「iginat

thesourceoftheincidentsphericalwave.Therefore,inordertocomparethe

wave㎞ ・ti・nwhi・hw・ .・btainedipthi・
、n・t・withthe・ ・π ・・p・nding・neinthe

P、p,,[1],w。,ew,iteeq.(25)int,,m,。fth・vect6・sξ 一 デーR・ndp--Rt・

yie1d

　キ

φ(ξ)一一÷[・ 一(f)祖]÷ 一ξρノ・÷(2ぽ 琴(2'+1)・i(ρ鴫)

(29)

whereweassumeρ/ξ 《1(notethatξisthevectorfromthesourceoftheinci-

dentwavetotheobservationpointand∂isonefromthesourcetotheposition

oftheion).

Thecompletewavefunctionincludingtheincidentwavereads

パ
ψ(の 一三:・　 1・9・・…!・9…)}[・+・ 一 θ:R曇(21+・)i(R)曝)]

(30)
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where1}(R)isgivenby ム
1}(R)==erinlo9(2kR)」rt(R).(31) コ

withＬri(R)definedbyeq.(26).Hereweputthenotationsζandpbacktoiand

づ
Rrespectively.

Inthecaseoftheshortrangepotentia1,thewavefunctioncorrespondingto

eq.(30)isexpressedas(cf.eq.(21)in[1])

パ
ψ田 一竺[._θikR。 。1+グ励 ⊇(21+1)・・曝)](32)

whereη=虎 一1θ栖s仇 δ,withδ,,thephaseshiftofl-thpartialwave.

Inconclusion,comparing(30)with(32),wefindthatthelongrangeproper-

tyoftheCoulombpotentialgivestheextraphasefactore－ 輌"{1・9(2ke)-lo9(2鍋}andパ
thatthepartialwavescatteringamplitudeηisgivenbyIi(R)in(31).

ThisworkwasdonewhileIwasavisitorattheDepartmentofPhysics,

DalhousieUniversity,Halifax,NovaScotia,Canada.Iwou亘dliketothankPro-

fessorH.」.1(reuzerforhelpfuldiscussionsandforwarmhospitality.
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