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Preface

This paper is based on the author’s paper, [Kaw]. We study one of the quantum in-
variants, the colored sl3 Jones polynomials, in this paper. Jones discovered the Jones
polynomial, an invariant of the link, in [Jon85]. The discovery of the Jones polynomial
led to the discovery of many link invariants using the R-matrix, which is the solution
of the Yang-Baxter equation. These invariants are understood as quantum invariants by
treating the R-matrices in a unified manner. We use the Lie algebra g and its irreducible
representation V to treat R-matrices in a unified way. Thus, the quantum invariant of a
link is obtained by the Lie algebra g and its irreducible representation V. Note that it
is not precisely the Lie algebra g, but the quantum group U,(g) with the structure of a
ribbon Hopf algebra obtained from the Lie algebra g. In particular, if g = sl and V = C?,
the quantum invariant of links is Jones polynomial. There are many examples of com-
puting Jones polynomials of knots directly using the R-matrix. However, in general, it
is difficult to compute the Jones polynomial of the link in that way.

Kauffman [Kau87] reformulated the Jones polynomial of a link L by using the Kauff-
man bracket skein relation. This allowed us to compute the Jones polynomial of the
links graphically. Furthermore, as a generalization of the Jones polynomial, we consti-
tute the colored sl Jones polynomial Ji}z (L;g) by an (N + 1)-dimensional irreducible
representation of sl. For a link L, we can also compute J;Z(L;q) graphically by us-

ing the Kauffman bracket and the Jones-Wenzl projector [Wen87]. The Jones-Wenzel
projector is an element of the A; web space and plays a crucial role in J;?(L;q). The
linear skein theory is this method of calculating J;}z (L;g). There are many examples of
J;}z (L; g) calculated by using the linear skein theory. We can see one example in [Lic97].
The explicit formulae in Ji}z (L;q) are helpful when we consider the property that there
exists the limit of the colored Jones polynomial called the tail, and conjectures related to
the quantum invariants of links such as the volume conjecture [Kas97], the Jones slope
conjecture [Garl1], etc.

As regards the tail of links, first, Dasbach and Lin [DL06] showed that the first two
coeflicients and the last two coefficients of J;}il (K;q) do not depend on N for alternat-

ing knots K. They also showed that the third and the third to last coefficients of J;}z (K;q)
on N for alternating knots do not depend on N provided N > 3. This result led them to



predict that the coeflicients of J;z (K;q) up to the k-th do not depend on N provided
N > k; for alternating knots K, there exists a g-series T°2(K;g) in Z[[g]] such that

T*(K:q) - [y (K3 q) € ¢ Z[[q]]

where ff\? (L;q) is a normalization with the minimum degree of Jf\? (L;q) and T*2(L;q)

is called the tails of J;}Z(K ;q). Armond [Arm13] showed the existence of the tails
of the colored Jones sl3 polynomials for adequate knots containing alternating knots.
Garoufalidis and Lé [GL15] gave proof of the existence of more general stability of
coeflicients of J;Z(K ;q) for alternating knots. Armond and Dasbach [AD11] gave ex-
plicit tails for (2,2m + 1)-torus knots and (2, 2m)-torus links. Hajij [Haj14] gave explicit
tails for 85 in the Rolfsen table of knots. Elhamdadi-Hajij [EH17] and Beirne [Beil9]
gave explicit tails for pretzel knots P(2k +1,2,2[+ 1). Kicilthy-Osburn [KO16], Beirne-
Osburn [BO17], and Garoufalidis-Lé [GL15] gave the explicit tails for knots with small
crossing numbers. Furthermore, Armond and Dasbach [AD17] proved that the tails of
adequate links only depend on these reduced A-graphs.

Meanwhile, the colored sl3 Jones polynomial J(i[:l ’nz)(L;q) is obtained by a link and
an (n1,ny)-irreducible representation of sl3. However, due to the complexity of the cal-
culation, the explicit formulae for the colored sl3 Jones polynomial only exists for a
trefoil knot [Law03], (2,2m + 1)-torus knots [GV17, GM13], two bridge links [Yual7],
and (2,2m)-torus links [Yual7, Yual8b, Yua2l]. For trefoil knot and (2,2m + 1)-torus
knots, representation theoretical methods, the Jones-Rosso formula [RJ93], gave the
colored sl3 Jones polynomials. In the colored sl3 Jones polynomials, the A, bracket
plays the same role as the Kauffman bracket, and the A, clasp [Kup96] plays the same
role as the Jones-Wenzel projector. For (2,2m)-torus links and two bridge links, graph-
ical techniques with the A; bracket and the A; claps gave the one-row colored slz Jones
polynomials obtained by an (n,0)-irreducible representation of sl3. Kuperburg’s lin-
ear skein theory [Kup96] is these graphical techniques. In [Kaw], the author calculated
J(E’EO)(P(Q, B,7);q) for three-parameter families of oriented pretzel links P(a,f,y) except
for those where a, 3,y are all odd by using Kuperberg’s linear skein theory.

Besides, we can consider the tail concerning the colored sl3 colored Jones polyno-
mials of links. Garoufalidis and Voung [GV17] showed the stability of coefficients of
Js 2)(L; q) for (a,b)-torus knots. Yuasa [Yual7, Yual8b, Yua20, Yua2l] gave explicit

(n1.n
tails of JE’EO)(L; q) for (2,2m)-torus links and proved the existence of the tails of the
one-row colored sl3 Jones polynomials for minus adequate oriented links. Moreover,
these explicit tails derived the Andrews-Gordon type identities for the (false) theta se-
ries. The author [Kaw] showed the existence of the tails of the one-row colored sl3 Jones

polynomials for alternating pretzel links P(| 2a+1 |,T28+1T,l 2y 7).



Main results

We list the main results of this paper. Let a, 5, v be integers. Denote by P(«,,7y) the
pretzel link with 3 crossing regions given the following:

where a box marked with the letter « represents a right-handed (resp. left-handed) |-
twist if @ > 0 (resp. a < 0). Boxes with other letters represent the same thing. The
one-row colored sl3 Jones polynomial of a link depends on the direction of the link.
Therefore, it is necessary to distinguish links with different directions. For example, we
consider a knot with the following directions using the arrow symbol.

™
P(L3LT3T.02D= @

In the following theorem, we give formulae for the one-row colored sl3 Jones polyno-
mial of pretzel linksP(«,(,7y) except for those where «,8,y are all odd.

Main Theorem 1 ([Kaw]). Let a,,y be non-zero integers. The one-row colored sl3
Jones polynomials for pretzel links P(«,3,y) are the following:

Jfflfo)(P(l 2 1,1 287,1 2y Dig)

rnin{k|(,|+l|,g|,n} rnin{s+m|7,|,n}

= 2. 2, 2, 2,

OSkM Skw_l <-<ki<n OSILB|SI|5|_1 <-<hi<n Oﬁmmﬁmm_l <--<m1<n SZmaX{k|Q|,l|ﬁ|} t:max{s,mm}

n2+3n

(q 3 PPk ks e Koo 1 L, o L) s (0,11 1, ) g
nt) (1 _qn+l)(1 _qn+2)
(1 _qt+l)(1 _qt+2) ’

X w(n’ S9 k|a|5 II,BI)W(”% t’ Sa m|y|)q



T (PLa 1B 1,12y 1:g)

= 2, 2

min{k|y +lvg|,n} n
0<kjy<kjop-15<ki<n - O<lg<lg_1<-<hi<n  0<myy <mypy-1<--<mp<n - s=max{ky,lg}  a=s

min{a+t+my,,n}  min{a+t+my,,n}

n2+3n _ _
(CI 3 ) (Q+ﬁ ZY)Xsign(a/)(n,kl’kZa---,kla'l))(sign(ﬁ)(n,llal2a---al|,6|)

lzmax{a,mm } tzmax{a,mm }
X ¢(n’ ml ’ m2’ ceey m|»y|)qu Q(n’ S, k|a|’ llﬂ|)l/l(n9 t, a9 ml’y|)
y q—(n—t) (1 _ qn+1)(1 _ qn+2)
(1 _ qt+1)(1 _ qt+2)

where ¢ = q%.

Pretzel knots P(L @ T,1 B T,1 2y T) include 85 and 819. These knots are not (2,2m +
1)-torus knots and have the bridge index br = 3. In other words, Main Theorem 1 is
a result involving knots that have not been computed so far. We also give the one-row
sl3 colored Jones polynomials for four and five parameter pretzel knots 819, 815,820, and
821. As a result, the one-row sl3 colored Jones polynomials are determined for all knots
with eight or fewer crossings except 816,817, 813. Moreover, from Main Theorem 1, we
can see the stability of the coefficient of the one-row colored sl3 Jones polynomials of
Plal,TBT,l2yT)and P({ 2a T,] 26 T,] 2y T). For instance, the one-row colored sl3
Jones polynomial for P(3,3,2) = 85 multiplied by q3”2+8” is

1—q+q2—2q4+q5—2q6+q7+q8+q10,

1—q+q3—2q4+2q6—2q7—2q8+4q9+q10+---,

l—g=g*+@+q 45— * +8¢'0 + -,

1-g=2¢"+2¢° +q® = 24° —4¢° + 44'° - -,

1—q—2q4+q5+q6+2q7—2q8—2q9+3q10+---,

1=g=20*+ 3+ +q - —° +2¢"0+- -,

1-g=2¢"+¢ +q°+q" - 2¢4° +3¢"° +- -,

1—q—2q4+q5+q6+q7—2q8—q9+4q10+---,

1
2
3
4
5: 1-q-2¢"+¢°+2¢°+q" =348 -4¢7+¢'"+---,
6
7
8
9
1

n
n
n
n
n
n
n
n
n
n

0: 1—q—2q4+q5+q6+q7—2q8—q9+3q10+---

Main Theorem 2 . Let a, 5, and y be positive integers. For oriented pretzel links
P(lal,T1B1.12y 1), there exists T3 (P(L  |,T B 1,1 2y 1):¢) in Z[[g]] such that

TP a LA L2y Dig) = J2 (PLa LT B 1,12y Dig) € 4" ZIlq))



Moreover, for oriented pretzel knots P(| 2a T,1 28 T,l 2y 1), there exists 7~ BP( 2T
128 71,1 2y 1);9) in Z[[g]] such that

TP 201,028 1.0 2y Dig) - oo (P(L 2a 1.1 281,12y 1)) € 4" ' ZIg]].

Main Theorem 2 is a more generalized version of Theorem 5.3 in [Kaw].

Plan of the paper

This paper is organized as follows. In Chapter 1, we review Kurperberg’s linear skein
theory and the formulae for the A, clasp given by Ohtsuki and Yamada [OY97], Kim
[Kim06, Kim0O7] and Yuasa [Yual7, Yual8b]. In Chapter 2, we derive a formula for
m times-half twists where two strands with the same directions for Kurperberg’s web
space. These formulae were given by the author in [Kaw]. Then, we give the one-row
sl3 colored Jones polynomial for a three-parameter family of pretzel links P(a,f,v).
And finally, we give the one-row sl3 colored Jones Polynomials for 819,815,820 and
821. In Capter 3, we give the proof that the tail of J(b ’0)(P(i al,TBT,l2y7T);q9) and

513

( 0)(P(l 2a 1,1 28 1,1 2y 1);q) exist. We also give explicit formulae of the tails of

?:o (PLal.TBT.12y Dig) and J | o 0(PU2a 1,1 287,12y 1):q). In the Appendix,
we give the 2m + 1 times half twist formulae for two strands, which we do not use in the
proof of Main Theorem 1 and Main Theorem 2.
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Chapter 1

Preliminaries

In this chapter, we review Kuperberg’s linear skein theory for A, web space and the
formulae for the A, claps given by Ohtsuki and Yamada [OY97], Kim [Kim06, Kim(7]
and Yuasa [Yual7, Yual8b]. We use many of these formulas successfully in calculating
the one row sl3 colored Jones polynomials.

1.1 Kuperberg’s linear skein theory

We use the following g-integer notations:

——

n

{n}q:{q%_q_z}q» {n}q!:{n}q{n_l}q“'{l}q» [n]q: %» [n]q!: [n]q[n_l]q"'[l]q

where 7 1s a non-negative integer. And, the binomial coefficients of g-integer are defined
by

[n],!
111 g L —
(1.1.1) [kL [n— kI, k]!

where [n],!= [n]y[n—1],---[1],.

Lemma 1.1.1 ([OY97]). Let a, b and c integers. We have the following formulae.

(1.1.2) laly[bly —[a—clylb—cly =[a+b—clylcly,
(1.1.3) [a]q[b - C]q + [C]q[a - b]q = [b]q[a - C]qa
a b
(1.1.4) [aly[bly = Y [a+b=Qi= D]y = ) la+b-(Qi-1)],

i=1 i=1



Proof. We confirm (1.1.2) as follows;

1 a a b b a—c a—c b—c b—c
laly[bly—la—clylb—cly=————{(¢2—q 2)q2-q 2)—(q? —q 2)q? —q ?)}
(g2 —q72)?
1 atb  atb-2c  _atb=2c  _atb
=—@?-q 7 —-q 7 +q ?)
(g2 —q72)?

=[la+b~-clylcly.
We can confirm the other formulae in the same way. O

We first define the A, web spaces. Let D be a disk with signed marked point (P, €)
on its boundary where P is a finite set such that PCc dD and € : P — {+,—} isamap. A
bipartite uni-trivalent graph on D is an immersion of a directed graph such that every
vertex is either univalent or trivalent and is divided into sink or source.

sink : \f/ or F— source : Y or F

A tangled bipartite uni-trivalent graph diagram on D is a bipartite uni-trivalent graph
on D satisfying:

(1) the set of univalent vertices coincide with P,

(2) every crossing point is a transverse double point of two edges with under or over crossing data.

For tangled uni-trivalent graph diagrams G and G’, we call G regular isotopic to G’ on D
if G is related to G’ by a finite sequence of boundary-fixing isotopies and Reidemeister
moves (R1) — (R4) with some directions of edges.

o B | w0
/ <
L



The tangled uni-trivalent graphs on D are regular isotopy classes of tangled trivalent
graph diagrams on D. We denote T (P, €) the set of tangled uni-trivalent graphs on D.
The A basis web has no crossing. Let B(P,€) be the set of A, basis web. The A>

web space W(P,e) is a Q(q%)—vector space spanned by B(P,€). An element in W(P, €) is
called web.

Definition 1.1.2 (the A, bracket [Kup96]). We define a Q(q%) linear map (-)3 : Q(q%)T(P, €) >
W(P, ) by the following:

(D= DO ),
(O = O b ),

W=
(e

(v () ),-mue

where G 1is a bipartite uni-tri valent graph.

We can easily show that this linear map is invariant under a regular isotopy. We next
introduce the A clasps of type (n,0) according to [Kup96] and [OY97]. Let P be the set
{p1,p2,..., p2n} Where p1,p2,..., po, are elements of P aligned counterclockwise on 0D
from p; in order of decreasing subscript of p;, and € is defined by

NI E: (1<i<n)
(1.1.5) 6(p’)_{_ (n+1<2n)’

We denote W(P;¢€) as W+ -

10



Definition 1.1.3. Let n be a positive intger. We define the A, clasps of type (n,0) by

1 1
s (R
3 3
n n—1 1 n—1 1
n—1
< — > :<:: > —[ ]q<n—2 > e Wyt in-.
3 3 [nlg 3

Here, a strand labeled by the number n implies the n parallel copies of the strand.
The following properties hold for A, clasps.

Lemma 1.1.4 ([OY97]). For any positive integers m and n, we have

(1.1.6) "“@k =0 (k=0,1,.,n-2),
L)

3

n m n—m

(1.1.7) < - >3:< >3:< ; >3 (m <n).

Proof. At the beginning, we prove (1.1.6) in the case of n assuming (1.1.6) and (1.1.7)
in the case of n— 1. By the induction hypothesis, it is sufficient to prove (1.1.6) in the
case of n concerning k =n—2.

R n-2 1
< < o)
3 (Deﬁnmonl 1. 3) [n]q 3
1
n-2
n-3 !
=< y < >+ )
3 3 3
- "< L)
((1 1. 7) in the case of 1— 1) n q 3

((116) in thecaseof}’l—l)



n-2 n-2 1

< ] >3 (Deﬁniti:1.1.3)< >3 - EZ:?}Z< w2

- Ly {Z_?}zw?w
[l <: ey T

(11.4) [n—-1], — >3_ [n— 1]q< Hﬁ >3

in the second equation. Then, we show (1.1.7) in the case of n assuming (1.1.6) in the
case of n. From Definition 1.1.2, the A, clasps of type (m,0) is the sum of the terms
consisting of a top and bottom symmetric diagram composed of 3-valent graphs or m
parallel strands. The terms consisting of a top and bottom symmetric diagram vanish
by (1.1.6) in the case of n. Therefore we have (1.1.7) in the case of n.

)

(Definiion 1.1.2)

O
Ohtsuki, Yamda[OY97] and Yuasa[ Yual7] gave formulae for A, clasps of type (n,0).

Lemma 1.1.5 (JOY97][Yual7]). For k=0,1,...,n, we have

n—k n—k
k

(1.18) < >3:[n—[Z:HZ{Zti]z2]q< . >3’

(1.1.9)

k(n k) >
3 9

12



(1.1.10)
< % >:61_n2;3n< —— >
SN
(1.1.11) AMID:< L:[n+?§n+ﬂ{
q
_ n+l _ . n+2
(1.1.12) _ i (=¢" )¢ )A(n,O),

(1-¢"1)(1-¢"+2)

Proof. First, we show (1.1.8) by the induction on n. We can easily check in the case of
n=1. Assume (1.1.8) in the case of n—1.

< k >3 (Dcﬁnmo:nl.l.3)< :@ >3_ [l[_l]z]q< ‘B >3
[=1-(k-1)
(Detition 1.1.2) (3= [2](][[11—];1]61)< )] >3

B [[+2], [[4ll+1], < L >
((114), the in;xclion hypothesis) [l]q [l - k + 1][l - k + 2] 3

42, -
_U—k+uu—k+m< L

13



Next, we prove (1.1.9) by the induction on n. If n = 1, then it is clear that (1.1.9) holds.
Assume (1.1.9) in the case of n—1.

n—k k [—k—l{_l 1 LI
t > < : > l(k—l)(n—k>< 1 >
= = q3
3 3 (Definition 1.1.2) 3

k=1 1

(210 1]q)“““¢ >
3

= ([3]q - [l]q

(Definition 1.1.2)

[[+2],  [l+1], <

= 1
((114), the induction hypothesis) [l]q [l - k + 1][l - k + 2] >3

n

I:j>
3

B [[+1]4[1+2],
B [l—k+1][l—k+2]<

We can prove this formula in the case of the intersection being upside down in the same
way. Then, we show (1.1.10). In the case of n = 1, it is true by Definition1.1.2. Then,
we have

n

—_—
/Fn [N

L (55,

4n n2+3n
_ q3< > - = < —5 >
((l.l.lo)forl’lzl) 3 ((1.1.9)forn:2andk:1) 3

where there are n(n — 1) crossings in the 27 twisted strands. And finally, we can easily
confirm (1.1.11) and (1.1.12) by (1.1.8) and (1.1.7). O

We also introduce the A; clasp of type (n1,n3) according to [OY97].

Definition 1.1.6 (the A, clasp of type (n1,n2) [OY97]). Let n; and n, be non-negative

14



integers. We define the A, clasp of type (n1,n2) by

s

n+ny+1

n

ny

ni
min{ny,n} i

(P ke 2

i=0

€ Wit vz 4n—n-
3 1 I

q

1.2 The formulae for the A, claps

We use the following two types of web, stair-step and triangle, which we can see in
[Kim06, Kim07, Yual7], Etc.

Definition 1.2.1. For positive integers n and m, stair-step - is defined by

e n

ﬁ
& = w (m>1).

For positive integers n, triangle ZK is defined by
1 Y 1
1
1 1
nl \ E E
1

(n>1).

1 : / \ i 1
1
The opposite direction is defined in the same way.

15



The following formulae help the calculation of the sl3 colored Jones polynomial.
Yuasa [Yual7, Yual8b, Yua21l] and Kim [Kim06] gave them. We sometimes omit di-
rections of edges of A, webs.

Lemma 1.2.2 ([Yual7, Yual8a, Yua21, Kim06]). For positive integers m and n, we have

m+n

(1.2.1) < - >3: < . >3,

I LR et
123 | ) =( o) askem,

124 R - ),

129 [ ﬂéﬁ ) =( ﬂg )

w20 {HZ51) -( Wizt ) Lok hf5),

(1.27) < ' ' >3 :< ' ' >3’

16




m ) n m n

(1.2.8) . k . ) . 0
< ), = coma® )
n n—1 =il 2 n-i-1
(1.2.9) < — >3 - ;(_1) [n]y < >3’
(e gl ),
(1.2.10)

m n m n

(1.2.11) m " m n

Proof. First, we have (1.2.1) by the definition of stair-step. Next, we show (1.2.2) by
the induction on n. If n = 1, then we can easily confirm (1.2.2). Assume (1.2.2) in the

17



case of n-1. We have

1
(Deﬁnili; 1.1.2)< n

(Deﬁnitic):nl.2.1)< n-1 >3
-1 %

rllil . ) IT’_ n—k-2
et AL L2 )
(the induction hypothesis) ! 3 3 k=0 k 3
] .

Then, let us show (1.2.3) by the induction n. When n = 1, (1.2.3) can be easily checked.
Ifn>1and0<j<n,

n+1

n+1

1

Jj=1
(Deﬁ“ili‘; 1.1 2)< >3 (the induction hyp_olhesis, (1.2.1)) <" -G-D >3

J J

= = (n-G-D
(Deﬁnilion 1'1‘2)<n(j1) >3 ((121) < >3

by the induction n. Furthermore, if j = n+ 1, then we can easily check (1.2.3). There-
fore, (1.2.3) holds. Then, we show (1.2.4) by the induction m. In the case of m =1,

18



(1.2.4) holds by the definition of the A; clasp. In the case of m = k+ 1, we have

n+k+1 { .
< )
<n+k+1 A|: « > <n+k+1 % >
(Deﬁnitionl 2_1 . (1 2.1 )) Z 3 (the inducti;hypothesis) Z 3
n+m+1 { n
(Deﬁnition].z_.l,(l.z‘l))< >3'

Then, we only have to prove

(1.2.12) < >'—>3:0 (k=1,2,..n—2)

n—k

in order to show (1.2.5) because of Definition 1.1.3. The left-hand side of the above
equation can be transformed as follows:

k

CIZ ) sl TS 30 CITNTSS)
—— /3 ((1.23)) 3 ((1.2.4)) 3

n—k n—k n—k

In addition, we obtain

n—k 1 n—k 1
(Deﬁniti;1.2.1)< i >3 (Deﬁnitit;l.Q,.l) < >3
n—k n—k
n—k 1 n—k 1
= < T n—k-2 > = < n—k—2 >
((1.2.1)) i 3 ((1.1.6), Definition 1.1.2) 3
n—k n—k

= 0.
((1 1 6), Definition 1.1 2)

19



Therefore, since (1.2.12) holds, (1.2.5) is proved. Then, we show (1.2.6). We have

< )
n n-1
(Definition 1.2.1)< >3

<n nl> [n—l]q<n nl>
(Detiniion 1.1.3) 3 [nly 3

In the second term,

< )
n - n-1 n - i|ynfl
((1.2.4),_(1.2.5))< >3 B < >3
< n - i|7n7 1 > < n - n—1 >
((1.2.4), (1.2.5)) 3 3

{ {%i' ).

Thus, we can obtain

:<n n-1 >3_ [n[;]Z]q<n { E "jﬂ n-1 >3‘



Then, we show (1.2.7) by the induction on n. For n = 1, it is clear by Definition 1.2.1.
Assume (1.2.7) for n— 1. Then,

(-~ } )
(Deﬁmtmnl 2.1) :gﬁ 3

3 (Deﬁmuonl 2. 1) < >3.

n

(the induction hypolhems)

Then, (1.2.8) is obtained by Defintion 1.1.2 and (1.1.6). And finally, see (1.2.9) for
[KimO7], (1.2.10) for [Yual8a], and (1.2.11) for [ Yua21]. O

In [Yual7], Yuasa gave the half twists formulae for two strands, the m times full
twists formula for two strands with opposite directions, and the A, bracket bubble skein
expansion formula. We use these formulae to calculate the one-row slz colored Jones
polynomial for pretzel links in Chapter 2. See [Yual7] for proofs of these formulae.

Lemma 1.2.3 ([Yual7]). For positive integer n, we have

k
(1.2.13) (nan:g(—l)”q”zé“z S| o )y

(1.2.14) <%> Z( e (q)i?;’;n k< e n>3,

(1.2.15) <

>3 n=>2,0<k<n-1),
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(1.2.16) < >3 = :El< k ‘ >3,

(1.2.17) IA(n,0) (0<k<n).

<,,k > _ [n+1]4ln+2]
3 [n—k+2],

Theorem 1.2.4 (m times full twist formula [Yual7]). For a positive integer n, we have

ﬂ;
< /’\[ b= D bk
ﬂj ﬂ, 0<kyy<ky_1 <<k <n

m times full twists

where

_2m 2 _ m (12 .
(qem) 5 (n +3n)(qem)n km(qEM)Zizl(ki +2k,)(qem)]%

¢(nak1,k2, ,k ) en =
" q (qu )n_kl (qem )kl _k2 U (qu )km—l _km (qu)im

Theorem 1.2.5 (the A, bracket bubble skein expansion formula[Yual7]). Let n be a
positive integer and k, [ non-negative integers. For n > k, [, we have

min{k+I,n}

< > ) gmnzkn<tk

t=max{k,l}

where

g VDR Gy (i@ (@2 [(@on—r42
(DD D=k D=1 @ 2nb-1+2(@)-rsk41

U(n,t k1) =

22



Chapter 2

Computed the one-row colored sl;
Jones polynomials for pretzel knots
and links

In this chapter, we first introduce two formulae for A; claps. These formulae were given
by the author in [Kaw]. Then, we give proof of Main Theorem 1. And finally, we
calculate the one-row colored sl3 Jones polynomial of the knots 819, 815,820 and 85;.

2.1 Twists formulae for the A, claps

We give m times half twists formulae for two strands with the same directions for A;
bracket.

Proposition 2.1.1 (m times half twists formule [Kaw]). Let n be a positive integer and
ko = n. For a positive integer m, we have

(2.1.1)

k
n m

: {+
< /,\[ = Y aGkikek) "0 )
;Hj - Okn <y <-—-<ki <n 2

n ko
m times half twists

where
q—%(n2+3n)mq%(n—km)(_ 1)2211 kiqZ:‘il %(kiz“Lki)(q)n
H:il (q)k,‘_l—k,‘ (q)km

Xl(”’klakb '-"kn’l) = (_1)nm

23



For a negative integer m, we have

2.12)
by - SIS
< \7/\' >3 = Z X—l(n,kl,kz,---,k|m|)< e >3
O0<ky <kynj—1<<k <n
: {1+ i

m times-half twists

where
C]%(n2+3n)mq_%(n_k|m\)(— 1)22'1 kiqzﬁl (k7 _ki)qZLrgll il (@n
[T @1k @

We prepare the following lemma to prove Proposition 2.1.1.

X—l(n5k1’k29 -~-,k|m|) = (_1)nm

Lemma 2.1.2 ([Kaw]). Let n be a positive integer and k be a non-negative integer. For
0 <k <n, we have

(2.13) < " }: >3 :< " >3'

n X n

Proof. By definition of A, clasp of type (n1,n;), we obtain
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The right-hand side of the above equation is zero by (1.2.5), (1.1.6), and (1.1.7) except

fori=0.

O

Proof of Proposition 2.1.1. We proceed by the induction on m. We can see that (A.1.3)
holds by (1.2.13) for m = 1. Assume (A.1.3) holds when m = [ for some integers / > 1.

((1.2:.10))

((1.1.9))

(Reidemeister move)

iR

m times-half twists
ki

n—k;
Z )(l(n,kl,kz,---,kl)<nk[

0<kj<kj_1<--<ki<n

n—k;
xi(n, ki, ks, ---,k1)<n_k,
0<k;<kj_1<-<k;<n

n k[

m(n,kl,kz,...,kz)(—1)"‘k1q‘%<”‘k”2‘%("_k’)<

0<k;<k;_1<-<k1<n

X1,k K, o ) (— 1) g s (kD 3 (k)

0<kj<kj_1<--<ki<n

n—k;

x q—%(n—kz)kl<"_k’

Y10k K, . ) (= 1Yk g 5=k =5 (ki)

0<k;<k;_1<+<ki<n

25
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n—k;

n—k;

n

ki

ki
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x q—%(n—kl)k1<nk’

n—k;

- S ik k(-1 g sk bk
(Lemma 2.1.2, (1.2.8))
0<k;<kj_1<-<k;<n

1 n—k
~L(n—kp)k,
xq s 1< ! >3

I PRI P
o 212) Z X101 K, ) (= 1) g5 207D
Lemma 2.1.2 Osklskl_lgn-ﬁklsn

9 q—§(n—k,>kl<”""

n—k;

1 1
= D xikika, k(= 1) gk 30k
(128)

0<k;<k;_1<--<k1<n

n—k

% q—%(n—k,>kl<"‘k' >
3

n kl

_ ki, (n—kp* =% (n—ky) ,— 3 (n—kp)ky
= x1(m,ky,ka, ... kp)(=1)""q"s 2 g3
((1.2.13))

0<kj<-<ki<n

ki k24342
o Z (—1ya ke ! @D

kl+1:0 (q)kl_kl+1 (Q)klﬂ
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n—k
= Y nkukeki|., )
W 3

0<kjp1<kj<--<ki1<n

ki1

ki(n—k) ki(n—ky) , — LD
In the eighth equation, it produces coefficients (—1)*"*~*1 q Lt and( )v\=fg= ",

‘We use

ki 2.2
Xl(n’kl’kZ’--wkl)(_1)n_qu_%(n_k’)z_%(”—kl)q Ln—kpky Z Q%L
ki11=0 (q)kl_klﬂ (q)kl+1

Sl b k) ) SL kg Bl 302k ()
H§+ 1 (q)ki—l k(D

3 capring @

k1+1=0 Dk Diiy

£ I+1 1+1 1,12
! (_1)n(l+1)q —5? +3n)(l+1)qz(n km)( 1)2 k; Z 1k +k)(q)

kro1=0 T @k -k (@)
ky

- Z xi1(n, ki, ko, ... ki1).
ki41=0

(-1 )n_kl q §(n—kp)* =5 (n—ky) q—%(n—kz)kz

=1

for the last equation. We can see that

ky n—k;
+

> - <
3 (Lemma2.1.2, (1.2.11))

kp = ki

—kis1

" k, n—k

2.1.4 - <
( ) (Definition 1.2.1)

>3 ((1;7))

ki =k =k

< n—kii
(Lemma 2.1.2, (1.2.11)) =k

27



By using (2.1.4), we have

(2.1.5)

ki1

We remove the A; clasps by using Lemma 2.1.2 and (2.1.4) in (RHS of (2.1.5)). There-
fore, (2.1.1) holds for n = [+ 1. We can see (2.1.2) in a similar way. O

We use the same definition for the one-row sl3 colored Jones polynomial as we do
n [Yual7].

Definition 2.1.3. Let L be an oriented link, and L a diagram of L. The one-row sl3
colored Jones polynomial for L is defined by

(5;230)(14 q) = (61 ) "D L(n,0))3/An,0)

where w(L) is the writhing number of L and L(n,0) replaces a part of L with A, clasp of
type (n,0).
For example,

n

=
T(2,3)(n,0) = %5

C — |
Let a map sign : Z — {—1,0, 1} be defined by
1 (x>0)
sign(x) =40  (x=0).
-1 (x<0)

Corollary 2.1.4 ([Kaw]). The one-row colored sl3 Jones polynomials for (2,m)-torus
links T'(2,m) are the following:

(2.1.6)

+3n n+ky (1 — n+l)(1 _ n+2)
75 T Qumyg) = (g )™ | ot (1-g q

,0 q q ) X sign(m)q ——
( ) 0Sk|mﬁk|lelSWSk1Sn (1=g)(1 = g"Fmi+=)

28



Proof. we can obtain (2.1.6) from Definition 2.1.3, Proposition 2.1.1 and (1.2.17). O

Remark 2.1.5. Form =17, n=1,2,...,10, Corollary 2.1.4 are equal to Theorem 2.1 in
[GM13] and Theorem 5.7 in [Yual7] for 7'(2,m) by using Mathematica. For example,

I T3 =g +q*-q°

SI';

I5eT23:9) =g +q +q ~q =g g

I _ _ _ _
§®0123)q) qO+q g =g P g -2 g P g P g

+q P -q"
(541130)(T(2 3) q) q g B g Mg g 002 022 B4y

_ _ _ - - - —40 |, —42
g -1 27 g - P 0

=25

I _ _ _ _ _ _ _ _ _
(51300)(T(23)q) q +q3]+q32_q4]+q43+q44_q5]_2q52_q53+q55

2 64 - - - - ~71 -T2 ~74 -
4 g0 g0 _ 063 g _ 765 1 76T 4 68 4 (0L T 720 TTA 0TS
_2q—76_q—77+2q—79+2q—80+2q—81 12g 8242 B g _0g 86 _ 0

g8 g 0 4057 13072 437 3G 4 2g7 95 — 70— g9 —347%

—3g™% 105

+2g7106 _ 113 _ 3,112
g g0 347109 o108 _ =107 o =108 3,109 _ g =110 _ g4 -111_3,-112
_g 1B g1 16 | 3,=117 _ (=119 _9,=120 _3,-121 _4,~122_ 3,123

C0g 125 L4126 4 57127 507128 (0 m129 | 7130 m131 o =132 3133
139 | 0 ~140 4 (=141 0 m143 3144 _ 4 m145

4O 14T 347149 4 37150 1S +q—152_q—154_3q—155 _3q—156_3q—157
+4q7101 4247162

_3q—100_q—101+q—102+3q—103+3q—104+3q—

+3¢ 5 4+ 4q”
-126

_3g 7134 _ 0135 13713 547138 L4y

_2q—158+2q—160+2q—l63+2q—164+q—165_q—167_2q—l -169

g 0T g 12 T3 1T 1T8 =179 180_q—181 L1818

+q—185+q—186+q—187+q—188_q—191 _q192_q—193+q—l95-

The following proposition is important when we calculate the one-row colored sl3
Jones polynomials of pretzel links.

Proposition 2.1.6 ([Kaw]). Let n be a positive integer and k, / non-negative integers.
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Forn >k, , we have

n

min{k+l,n} n

=y ZQ(ntkl)< , , >3

t=max{k,l} a=t

n nt

where

k+l1

g~ 2 gD g R (1 - g Y (i@ (@2 [(@an-142

Qn,k,1,t) =
" (1= " (2Dt Dt D 2mttr2( D —rrir

We first prove the following lemma.

Lemma 2.1.7 ([Kaw]). Let n and a be positeve integers. We have

n n

( BNl )

n n

Proof. First, we prove that it holds for a = 1.

(2.1.7)

The equation (2.1.7) is the same lemma in [Yua20], but we prove it differently. We
proceed by the induction on n. We can see that (2.1.7) holds by an easy calculation for
n=2. Assume (2.1.7) holds when n < k— 1 for some integer k > 3. Note that (1.2.5) and
(1.2.4) should be used appropriately and many times. We obtain
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((15.6))<
((1.1.6),:(1.1.7))<
((1.5.6))< .

(Definition 1.2.1, <1.2A9))<

_ [k]y <
[k—11,

K
((1.2.15) [k—1],
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in the last equation. For the second term of the last equation,

((1;6>)<

k=2l
3 (Deﬁnili_on 12.1) [k— 1]q

L [k-2],
(Deﬁniti:n 1.2.1) [k - 1]q

_ B I N

(Definition 1.2.1, (1.2.9))

S

(Deﬁnition 1,2.]) [k - 1]q
1
= — (=3 —< | >
(lhe induction hypothesis) [k - 1 ]q 3

We use (1.2.10) with the label k —2 in the fifth equation. Regarding second equality, we
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have

by using Definition 1.2.1 and (1.1.7). Hence,

k k

(k]2 -1
< =i )

k k

We can check easily the following equation by Lemma 1.1.1.

KI2-1  [k+1
(2.1.8) 1 _ ey
[k]q[k - 1]q [k]q
Therefore, (2.1.7) holds for n = k. In addtion, the equation formula (2.1.7) holds for
k = 1 by definition of A, bracket. We can prove easily that if we use (2.1.8) repeatedly,
then Lemma?2.1.7 holds. O

Proof of Proposition2.1.6. We have

n—k n-1
n—k n—1
min{k+[,n}
= Y, wntk| )
(Thenrem 1 .2.5) 3
t=max{k,l} I

ML k4 1], [n -1+ 1],

- ) w(n.t.k, 1)< , , >3

) 12
((1.1.6), Lemma 2.1.7) r=maxtk.l) [n +1 t]q

n
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n n—-a

min{k+ln} n

= ) ZQ(ntkl)< . . >3.

t=max{k,l} a=t

n

2.2 Proof of Main Theorem 1

Recall Main Theorem 1.

Main Theorem 1 ([Kaw]). Let a,,y be non-zero integers. The one-row colored sl3
Jones polynomials for pretzel links P(a,f,v) are the following:

(2.2.1)
T (PL2a 1,028,127 1:q)

min{k|a|+l|ﬁ|,n} rnin{s+mb,|,n}

= 2. 2, 2,

0Sk|a|Sk|(,\_1 <-<k1<n OSZWSZW—I <--<li<n OSmMSmM_I <--<m<n S=maX{k|a|,l|/3|} l:max{s,mm}

n2+3n

V2B G, ky ko, . cKiaDgea @11, Lo, s igy) s B, 1 0, ) g

(1 =g""H(1 = ¢"?)
(1 _qt+l)(1 _qt+2) ’

(g 3

X w(n7 S’ kllIl’ ll,BI)w(n, t’ S$ ml’yl)q_

(2.2.2)
TP a L1 B 1,12y 1):g)

min{k|y +ng|,n} n
0<kig<kjop-15<kisn O<lg<lg_1<-<li<n 0<myy<mypy-1<--<mp<n - s=max{ky,lg}  a=s

min{a+t+my,,n}  min{a+t+my,,n}
n2+'§n

)BTy Giana) (oK1 K2y oo K Wosigng) (s 115 L2y s D)

t=max{a,myy} t=max{a,myy}
X ¢(n,mi,my, ..., mpy)) ger Qn, s, kia), Ly (n, 1, a, myy)
- t)(l _ n+1)(1 qn+2)
(1 qt+1)(1 qt+2)

where g% = q%.
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Proof. We first prove (2.2.1).

JZEO)(P(l 20 7,1 287,12y Dsiq)

n2+3n )20+2,3+2’)/< @

= (g7 2 || 28 || 2y >/A(n,0)

(Definition 2.1.3) 3

n2+3n

= (qg 3 )2‘1’+2'B+7’2 Z d(n, ki, ko, ..., kg gee

0<kig|<kjg-1< <k <n

(Theorem 1 .2.5)

(Thcorcm 1 .2,5)

0<kig|<kjg)-1 <<k <n Oﬁlw\ﬁlw_lﬁ'“ﬁllﬁn 0§m|7|§m‘y|_|§--5m1§n

n2+3n

(g 3 B o(n,ky ks ki) g (111, s .o L) s P(n,mi,ma, ..., mpy))ger

(L17) Z Z Z

0<kiy<kjg)-1<<ki<n  0<lg<lg_1<--<h<n  0<myy<mp-1<-<m<n

n2+3n

(q 3 )2Q+2ﬁ+27¢(n’ k] ’ k27 cee k|a|)q50 ¢(n’ l] > 12’ cee llﬁl)qEﬁ ¢(n’ m] ’ m2’ ceey m|)/|)q57
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min{kw +l|B| ,I’l}
(Theor;l 1.2_5) Z Z Z
0<kig|<kjg)-1 <<k <n Oﬁlw‘ SZWI—I <--<li<n 0§m|y|§mb,|_1 <--<my<n AY:maX{k|w|,l|'3| }

n2+3n

(q 3 )2(1'+2ﬁ+27¢(n’ kl D) k29 LERE) kIaI)qEW ¢(n’ ll D) 12’ LX2E) llﬁl)qsﬁ ¢(n’ ml D) m25 ceey m|’y|)q5)’

n

Xy(n, s, ki), l|/3|)< s m7>3 /A(n,0)

minfkjq|+lg,n}  min{s+myy,n}
(Theor;n 12.5) Z Z Z Z Z
0<kjy<kjgp-1<-<kisn O<lg<lg-1<~<hi<n O0<myy<mypy -1 <--<my<n s=max{kjlg}  t=max{sm,}

n2+3n

(q 3 )20’+2,8+27¢(n9 k19k2’ .--,k|a|)q5“¢(na ll’ 12’ eeey llﬁ|)qfﬁ¢(n,m1,m2, ...,I’I’I|y|)qu

>3 JA(n,0).

Then, we show (2.2.2).

JE’,EO)(P(l al,T8T.12y D:q)

— (qn2§r3n )—(a+ﬂ—27)<

(Definition 2.1.3)
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— (q"2§3" )—(a+,3—27)

(Proposition 2.1.])

Xsign(a)(m ki,ka, ..., klal)

0Sk|ﬂ,|Sk\a\71 <-<ki<n

2

(Proposition 2.1.:|,Theorem 1.2.4) (q §3n )_(CH_B_ZY) Z Z Z

0<kj|<kjg|-1 <<k <n 0Slw£lv3|_1ﬁ“'§llﬁn 0§m|y|§mb,|_1s~-ém1§n

XXSigl’l((}')(na k] ,kZ, "'7k|d|)XSign(ﬂ)(n7 ll ’ 12, ceey llﬂ|)¢(n7m1 7m2’ "',m|)/|)q57

= ey 2 2

(@.16) OSk\a|Sk|a|_1 <--<ki<n 0Sl|ﬁ|§lw_1 <<l <n OSmMSmM_] <--<mp<n

X)(sign(a)(n’ kl’k2’ ---,kIQI)Xsign(ﬁ)(n’ 119 12, LA l|ﬁ|)¢(n’ml »M2, ---9m|’y|)q57

n2+3n _ _
(Pmposznz,lﬁ) ((IT3) R Z Z Z

0<kiy<kjg1<-<ki<n  O<lg<lg_1<--<h<n  0<myy<my,_1<-<m<n

min{k|(,|+l|ﬂ|,n} n

ZXsign(a)(n’ ki,ka, ..., k|a|))(sign(,8)(n» i, b, ... l|,8|)

s=max{k|a|,ll5|} a=s
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¢(n’m1’m2a "'7m|’y|)q€7<

n2+3n
2R —(a+B-2
((1?6»(61 Ty
o 0Sk|a|Sk|a|_1S"'Sk1Sn OSlelw\_lﬁ"'SllSn OSm|7‘Sm|y|_1S-~-§m1Sn
min{k|a|+lw|,n} n

ZXsign(a)(nakl k2, oo ko)X signg) (. 11, b, . L))

szmax{k‘a‘ ,l|/3|} a=s

X ¢(n,my,my,...,mpy))ger Qn, s, ko, lw|)<

_ (qn2§r3n )—(a+,8—27) Z Z

Theorem 1.2.5)
( 0<kiy<kjgj-1<<ki<n  0<lg<lg-1<--<h<n  0<my<myp,-1<-<m<n

min{kyq+lg,n} n min{s+m,,n}

Z Z Z Xsign(a) (1 k1,k2, .o Ko X signpy (. 11, 2, ..., lig)

s=maxfkyg,lig} a=s  t=max{s,;m,}

min{k|a| +l|ﬁ| )

W2 2. 2,

0<ki<kig-15<ki<n  O<lg<lg_1<--<h<n  0<my,<myy_1<--<mi<n s=max{kjq|,ljz}

min{a+t+myy,,n}

n mind 2

n“+3n _ _
Z Z (@ 3 )OIy Gontay (k1 Ky oo i Wosign(sy (1 11, s s i)
a=s

t=max{a,myy}

net) (1 _ qn+1)(1 _ qn+2)
(1 _qt+l)(1 _qt+2) )

O

X ¢(n3 ml 2 m29 eeey m|’y|)q57 Q(n9 S, k|d|9 l|ﬁ|)w(n9 t’ aa mlyl)q

Remark 2.2.1. For n=1,2,...,10, Theorem 2.1.1 is equal to Theorem 5.7 in [ Yual7] for
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41,67 and 8, by using Mathematica. For example,

[ — -
Tig@ra) =a ~q+1-q" +q7,

SI';

Jig@t0=4"~4¢"~¢ +q +q° 24" +3-2¢7+¢ 7 +q -4~ +q 7",

(5;0)(41,61) q°-q"-q"-q"+2¢"0+ ¢’ 29" - ¢° +4q° + 24" - 2¢° - 447 + 5 - 447*

_2q +2q +4q _q—6_2q—7+q—9+2q—10_q—11_q—lz_q—13+q—15

[ 12 11 117 11 11 112 111 11 1 1 1
J00 @0 =4 ~¢'" =" =g+ 4" + "2 + ¢! 44110+ g1 +2¢'% + 4177 - g1

_3q105_4q104_3q103_3q102_q101 +q99+2q98+5q97+8q96+6q +4q94—2q93
—5q92—7q91 _8q90_6q89_5q88_5q87+q86+8q85+ 14q84+15q83+ 11q82+4q81
—5¢%0 —10¢" — 149’8 — 14¢"7 =20¢76 — 15¢7 —2¢"* + 11¢"> + 24¢"* +27¢"" +25¢"°
+15¢% +2¢5%8 — 9457 - 204% — 3445 - 384¢%* —27¢% - 74 + 15¢°" +35¢°° + 43¢™°
+42¢°8 +304°7 + 11470 - 8¢°° —41¢°* - 58¢°° - 60¢°% —41¢°' — 11¢°° + 214" +514™
+64¢%7 +65¢" +48¢™ + 204 — 27¢* — 664" — 84¢* =794 — 504> = 7478 + 37477
+75¢°% +92¢% + 884°* + 6243 + 347> = 52¢°' = 95¢°° —107¢%° = 91¢%® — 49477 + 74°°
+61¢% +104¢°* + 116¢% +103¢%? + 44¢*' —234%° — 824" — 120¢4'® - 1214'7 — 9146
—35¢" +31¢"* +90¢" + 129¢'% + 133¢"! + 86¢'° + 19¢° — 524 — 106¢” — 1344°
—1204° —76q4 —10g° +61¢% +116g + 147+ 116~ +61¢7> = 107> = 76¢™* — 12047
— 134470 - 106q—7 52¢78 + 19q-9 +86¢7 10+ 133¢7 "1 + 1294712 + 904713 + 31q 14
—35¢7 1 -91¢710 — 477 — 4718 _82¢71° 234720 + 4447 +103¢g7 2 + 116475
+104g72 +61472 +7¢7° =494 = 9147>% 1077 =954 = 524" + 347
+62¢ 32 +88¢3* +92¢ P +75¢730 + 3747 = 74738 = 504°° — 79470 - 844!

~ 66~ —27¢7 +2047* + 4847 + 6567 + 64¢7 + 5147 ®2147Y ~ 1147
—41¢71 —60g7%2 =583 —41¢7 8¢ + 11¢7°0 +30¢ 77 +42¢ 738 + 4347
+35¢79 +15¢7% = 7¢7% - 2747 - 3847 = 3447 — 20470 —9¢%7 +24~%
+15¢7 +25¢70 +27¢7" + 24 2 + 1177 =277 =157 - 204770 — 14477
~14g77% =104 =547 + 447 + 11475 + 1567 + 147 + 847 + 14730 - 547"
_ Sq—88 _ 6q—89 _ 8q—90 _ 7q—91 _ 5q_92 _ 2q_93 +46]—94 + 6q—95 + 8q_96 + 5q_97

g B 1g79 =101 34102 347103 _ g m104 _3,-105 _ =106 =107 | 5 -108

-109  -110 111 —112  —113 _ ~116 _ 117 _ ~118  -120
+q +q tq +q +q —q —-q -9 tq .
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2.3 The knots 81(), 815, 82() and 821

The knots 819,815,820 and 8,1 are four or five parameters pretzel knots. For these knots,
we can calculate the one-row colored sl3 Jones polynomials by combining a similar
method as three-parameter pretzel knots and links.

Theorem 2.3.1 ([Kaw]). The one-row colored sl3 Jones polynomials for P(-3,-2,3,—-1) =
810, P(3,-1,-2,-1,3) =85, P(3,-2,-3,1) =89 and P(3,3,—1,2) = 8, are the follow-
ing:

2.3.1)
[
T (P(-3,-2,3,~1%:9)
n min{kz+1,n} n
0<kz<ko<ki<n 0<bh<li<n 0<p3<pr<p1<n m=0 r=max{k3,lr} a=t
min{p3+m,n} n min{a+b,n} 203
S @ ko ki ka1 (nlo. 1) 1x1 (1. pr pa, pa)
s=max{p3,m} b=s  u=max{a,b}

() (1- qn+1)(1 _ qn+2)
(1 _qu+1)(1 — qu+2)’

X x-1(n,m)QUn, t,k3,1,)Q2n, s, p3,my(n,u,a,b)q

(2.3.2)

sl .
J(n?O)(P(:%’ _15 _29 _1a 3)’ C[)

min{k3+1,n} n min{p+r3,n} n
0<k3<kr<k;j<n 0<l<n 0<mp<m; 0<p<n 0<r3<r<ri<n t=max{ks3,l} a=t  s=max{p,r3} b=s
min{a+my,n} min{b+my,n} 23
n“+3n _
(q 5 ) 2xi(nki ko, ks —1(n,Dg(n,mi,ma)y—1(n, p)
u=maxf{a,m|} v=max{b,my}
() (1 _ qn+l)(1 _ qn+2)
(1 _qv+1)(1 _qv+2) ’

Xx1(n,r1,1r2,13)Qn, t,k3,DQ(n, s, p,r3)y(n,u,a,my)y(n,v,u,b)q
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(2.3.3)

J52, (P3,=2,-3,1):q),

n min{k3+Ip,n} n min{p3+m,n}
0<kz<kp<ki<n 0<h<li<n 0<p3<pr<pi<n m=0 r=max{k;,l,} a=t  s=max{ps3,m}
n min{a+b,n}

n2+3n
D DL 4T xkikeky-1(n b ix-1(n pr, pa. p)

b=s  u=max{a,b}

(1 _ qn+1)(1 _qn+2)

- — _ —(n—u)
X x1(n,m)Qn,t,n—kz,1)Qn, s,n— pr,n—my(n,u,t+a,s+b)g " u(l—q“”)(l—q“‘“z)’

(2.3.4)

J§I3

(I’l,O)(P(3’ 39 _1’ _2);Q),

min{k3+I3,n} n min{p+m,n} n
0<kz<ko<ki<n 0<B<h<li<n 0<p<n 0<mp<mi<n  t=maxlks,l3} a=t  s=max{p,m} b=s
min{r+s,n}

(q

u=max{a,b}

n

+3n _
I Sk ks ka1 (L b, )y -1 (n, p)y -1 (n,my,mo)

) (1 _ qn+1)(1 _ qn+2)

X Q(n,t,k3,13)n, s, p,m)W(n,u,a,b)q =gy = q“+2)'

Proof. We first prove (2.3.1).

sl3
)

=" @

(P(_3a —2,3,—1);@

& n2+3n
(ot 2.11) Z Z Z Z(CIT)3)(—1(HJ<1,kz,k3))(—1(n,11,lz)q—l
roposition 2.1.

0<ks<ko<ki<n 0<h<lj<n 0<p3<pr<p1<n m=0

Xl(n,pl,pz,pa))(—l(n,m)<




n min{k3+Ip,n} n

(Pmpusiim 2.1.6) Z Z Z

0<k3<kr<kij<n 0<h<hi<n O0<p3<pr<pi<n m=0 rt=max{ks,lp} a=t

min{p3+m,n}

n2+3n
D@ (ko ki ka1 (1, lo, 1) 11 (1, 1, pa, )

s=max{p3,m} b=s

X1 (), 1, k3, 1), 5, p3,m)<

(Theor:n 1.2.5) Z Z Z

T0<ks<kp<ki<n  0<h<lisn  0<p3<pr<p1<n  m=0 t=max{k3,l>} a=t

min{p3+m,n} min{a+b,n}

n 3n
D, Z Z S X1 ko k-1 (o, 1) x1 (1, p1, 2, p3)

s=max{p3,m} u=max{a,b}

S Y1 (), 1, k3, 1)U, 5, 3, M (n, u,a,b><

n min{ks+1Ip,n} n

D VD VD) >

0<ks<kr<ki<n 0<h<li<n 0<p3<pr<pi<n m=0 t=maxiks,r} a=t

min{p3+m,n} min{a+b,n}

n 311
Z Z Z ) o1 kosky, ko) -1 (n, lo,11) g1x1(n, p1, p2, p3)

s=max{p3,m} u=max{a,b}

—(n—u)(l _ qn+1)(1 _qn+2)
(1 _ qu+1)(1 _qu+2)'

We can prove (2.3.2), (2.3.3) and (2.3.4) in a similar way to (2.3.1). O

X x-1(n,m)Qx(n,1,k3,1)Q(n, s, p3, my(n,u,a,b)q

Remark 2.3.2. According to Main Theorem 1, Main Theorem 2, and Theorem 5.7 in
[Yual7], the one-row colored sl3 Jones polynomial is determined for all knots with eight
or fewer crossings except 814, 817,813.
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Chapter 3

The tails of the one-row colored sl;
Jones polynomials for pretzel knots
and links

In this chapter, we first compute the minimum degree of the one-row colored sl3 Jones
polynomials for P(L o |, T8 T,1l 2y T)and P(| 2a T,1 28 T,1 2y T). These give a normal-
ization of the one-row colored sl3 Jones polynomials. Then, we show Main Theorem 2.

3.1 The minimum degree of the one-row colored sl; Jones
polynomials for pretzel links

Definition 3.1.1. Let f Laurant polynomial in Z[g*]. We define mindeg(f) to be the
minimum degree of f expressed as Z[[¢*]].

Definition 3.1.2. For any power series f(q), we define f(g) by

f(g) =g ™INIEID f(g) = " aiq € ZI[q1)
i=0

In the above normalization, we determine ag to be positive.

Corollary 3.1.3. For positive integers «, 8 and vy, we have

. 1 1
(.11 mindeg(/5 (P(La LT B 1.1 2y i) = —5(@+ B’ = (G +38-2)n,

(3.1.2) mindeg(J;") (P(L 2a 1,4 281, 2y D) = 2n
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Proof. First, we show (3.1.1).

rnindeg(J(S 0P al,TBT.12y 1):9)

min{kq+lg,n} n

SUTTIED) > DY

O0<ko<kg-1<<ki<n  O0<lg<lg 1<-<li<n  0<my<m,_ <--<m<n  s=max{ke.lg} a=s
min{a+m,,n} 5
n“+3n _ _ q
3 (@+p-2y)
Z (@ %) o
t=max{a,
famy) (| [@k )@,

i=1
2y 2 _ Y 2 .
q 6(n +3n),6’q2(n lﬁ)qzz 12(1 +l; )(q) (q) 5 (n +3n)(q)n mY(q)Zizl(mi +2m,)(q)r2l

Y
(ﬂ(q)zi_l_l,)(q)kﬁ (| [@mr-m) @3,
i=1

L2 Lonmko) 5 L2k,
cn +3n)aq2(n ka)q i1 2 (ks +kz)(q)n

i=1
ka+ ﬁ

g~z gt els (1 — g (11— g ) 9k, (91 @, (@9, (@2n-s42
(1 =g =2 (D@D (D s—ko (D515 @20k —15+2(D—s kg 415

g D (@ @y (Do Dy D22 (1= g (1 = g2

DD D= D= (D2n-a-my+2(Dr+a+m, (1-g"*H(1 - g'*?)

=mindeg(q_%(“+ﬁ)n2—%(3a+3,8—2)n Z Z Z

0<ky<kq-1<-<ki<n OSlﬁSlﬁ_lﬁ'“ShSn OSmYSmqu---Sm]Sn

X

)

min{ky+g,n} min{a+m,,n
Z Z Z 612( ke) Z, 12(k2+k1)q2( lﬁ)qZ'?lz(le)q mqu,-yzl(M,zﬂmz')
s=max{kq,lg} ~a=s  r=max{a,my}
ka+ I

% q— 3 +sq(s+1)(s—k(,—lﬁ)+kalﬁq(t+1)(t—a—m7)+am),qt)

=mindeg(q‘%(“ +B)n* -1 (3a+3p-2)n Z Z Z

0<ko<kq-1<<ki<n  0<lg<lg 1<--<h<n  0<my<my_1<--<mi<n

min{ke+lg.n} min{a-+my,n K2 +12 (kg +1
_ i
Z Z Z >, ;(k2+k)qzﬁ @+ )qmy+myqz}=1‘(ml.2+2m,-)q%
s=max{kq.,lg} ~a=s  t=max{a,my}
qu+(s+l)(s ka—lﬁ)+kalﬁqt+(f+l)(l a— my)+amy)

=— %(a/ +B)n’ - %(30z+ 38-2)n
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We use ﬁ[ = 1+g+¢q>+--- in the second equality. If g < ko < s, then

s+ (s+ 1)(s— (ko +1p)) + kolg
=57+ 52— (ko +Ig) — ko — g+ kalp
=(s—ko+ D(s—lg+1)—1
>(kg—lg+1)=1>0

(3.1.3)

The same is true for k, < Ig < 5. In the above last inequality, we have equality if and
only if Ig = k, = s holds. By the same method as the above, ifa <m, <tandm, <a <1,
then we can obtain

(3.1.4) t+(t+1)(t—(a+my))+am, > 0.
The equality sign is valid for a = m, =t and m, = a =t. By (3.1.3), (3.1.4), k2 —kq >0

and lé —Ilg > 0, the fourth equality holds. Then, we can show (3.1.2) in a similar way.
O

3.2 Proof of Main Theorem 2

Recall Main Theorem 2.

Main Theorem 2 . Let @, 3, and y be positive integers. For oriented pretzel links
P(La l,TBT.12y 1), there exists T2(P(L @ 1,7 B 1,1 2y 1);q) in Z[[g]] such that

TP LTATL 2y D)= F5) (PUa L1 B 1.2y Dig) € ¢ ZlIq)).

Moreover, for oriented pretzel knots P(| 2a T,1 28 T,] 2y 1), there exists 7~ Bp( 22T
,1287,1 2y 1);q) in Z[[q]] such that

TP 201,028 1.0 2y Dig) - oo (P(L 20 1.1 281,12y 1)) € 4" ' ZIIg]].

Remark 3.2.1. For a simple Lie algebra g, Le[Le00] proved the integrality theorem for
a quantum g invariant. This says J n 0)(L q) belongs to Z[[¢]].

I?eﬁnition 3.2.2. For two power series f (9), 8(q) € Z[[¢q]], we define f (q) =n+1 8(q) by
f(@) = 8(q) in Z[[q11/q" " Zl[4]] for all n.

Proof of Main Theorem 2. We first proveMain Theorem 2 for P(L @ [,T B8 T.l 2y 1).
There exists 73 (P(| a LTBT,12y 1) q) if and only if

G20 SR PULalTBT.L2y Dig) =un S5, o (PUa LT 1.2y D)
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for all n. Let @ and g both be odd or even. To begin with, we obtain the following by
Main Theorem 1 and Corollary 3.1.3:

(3.2.2)
J(PLa LT B1,12y 1):g)
=q%(a+ﬁ)n2+%(3a+3ﬁ_2)n~](520)(13(l al, 181,12y 1:q)

n min{a+m,,n}
2 X

a=s  t=max{a,my}

=2 2, 2, 2,

min{ky+Ig,n}
0<kq<kq—1<-<ki1<n OSlﬁSlﬁ_] <-<li<n 0£m7$m7_1S-~-Sm1Sn s:max{ka,lﬁ}

a-11

L ) 12,0 B 12 A1 g
« (_1)2,':1 k,qzk[,qz,-:l z(kl- +kl)(q)n y (_l)zizllqu ﬁqzizl 2(li +lz)(q)n

a B
(l—[(q)ki—l_ki)(q)ka (H(q)li—l—li)(q)kﬁ

1=

2 y-1, 2 .
y (@)™ ™ (g)i=1 i 2md) (g2

Y
(| [@mr-m)@),
i=1

kg+lﬁ

g 2 +sq(s+1)(s-ka—l,;)+kalﬁ(1 _ qn+l—ka)(1 _ qn+1—l,8)(q)ka (q)lﬂ (q)ﬁ_ka (Q)i—lﬁ(Q)zn—Hz
(1 =g =2 (DDA (D s—ko (D 5-15( @20k —15+2(D s+ k0 41
gDy () o ( @y Dip-a( D, (D202 0= (1 = g2)
DD Dia Dt Don-a-ms2(Dtrarm, ~ 1=g+D(1=-g"*?)

min{ky+lg,n} n min{a+m,,n}

= 2 22 )

0<ko<kq-15<kisn  0<bgyi<bhp<--<li<n  0<my<m, 1<-<m<n  s=max{ky,lsg} ~a=s  t=max{a,m,}

X

a . a-11,12.71. B . B-11.2. 7.
o (CDEE g 26 g, (DR lige 20 ),

a s
(| [ @k 4@t (@i, (| [ @)@t (@)
i=2

i=2

2 y-1, 2 .
y (@)™ ™ (g)i=1 M 2md) (g2

Y
(| [@mr-m)@nmi @,
=2

(kg —ka)+(I5~1g)
qfqs+(s+1)(s—k(,—lﬁ)+kalﬁ(1 _ qn+1—k[,)(1 _ qn+1—lﬂ)

X (1 _qn+1—s)2
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(D (D1 @Dy (D 15(D2n-s5+2

X
@DHD?_ (@) sk @515 @D 20—k ~152(@) = ske 41
gD () (@ (D Do, (D2n-r42 (1 = g+ Y(1 = g2
(D2 D2 Di=a D= D2n-a-m +2(D=trarm, (1 =¢"H(1=g"*?)

(3.2.3)

where q2?=1 20k +hki) = q2?=1 3@+ — 1 and qz?ﬂ(’”?”’”” =1. Now,
(1 _qn+1)(1 _qn+2) :1 _qn+2_ql’l+l +q2n+3
=511l

Ins—k,>0and s—13 >0,

2

ST+S n+1-k, n+1-1 $2+s n+1+s2+s—1 n+1+s2+s—k 2n+2+(s2—kg )+(s—1
g A —g"™ (1 - g ) =" g b—q “ (ot sh)

+4q
2
En+1qs +S.
Moreover,
qS
Aoy = A+d™ g4
= ¢° +¢"*! + (higher order terms)

_ s
=n+l q -

By k1 > 0 and %(kf —k1) >0, we have

n

[ Ja-a)
Y2k _(Dn_ _ L2k i=1
(Q)n—kl n—ki )
[ Ja-4)
j=1
n
(3.2.4) ) —[ (-4
i=n—k1+1
k-1
_ l—[(q%(k%m) _qi+n+1+%(k%—k1))
i=0
=n+l q%(k%-'—kl)-

If k; =0, then (3.2.4) is obvious. Similarly,
P-1
L2+1y) _(Dn = v (12

((I)n—ll
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mi (@Dn
(Dn-m,

2 Yt 2
2o _(@on-r+2 =14 " (a+my=ti-a> O,tz—my > 0),
(Q)Zn—a—my+2

=n+l qml s

and
32+s ((])Zn—s+2

(@ 2n—ko—Ig+2
Using ko > 0 and s —k, > 0, the fact that

=1 7 (ko +lg> s5,5—ko > 0,52 =15 >0).

n—kq .
[ Ja-4b
s (Q)n—ka C]S i=1

(@n L )
[ Ja-4)
j=1

N

q

n

(3.2.5) [] (1-¢)

Jj=n—ko+1
s

q

ko—1

l_[ (1 _qj+n+1—k2a,+1)

J=0
= ¢*(1 +¢"*' % + (higher order terms))

— s
=n+l1 q -

In the case of k, = 0, we can easily conform (3.2.5). Likewise,

(Q)n—lﬁ

s Ei’l s (S _l Z 0)7
T @y 1 s

q (@Dna =14 (t—a>0),

(@Dn

(Q)n—m

! =1 q (t—my>0).
q (@Dna 1 g ( y )
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Hence,

(3.2.6)
TP a L1 B1,1 2y 1):9))

min{kq+Ig,n

> ) D WD

O<ko<kq-1<<ki<n  O0<lg<lg 1<-<hi<n  0<my<m,_1<--<mi<n  s=max{ke.lg} a=s

min{a+rmy.n} (_1)2?21 k,-qZ;.:l' 5 (k2 +k;) y (_1)2{11 liqu:_ll 3+l

@ B
t=max{a,m,}
a,my (l_[(q)k,‘_l —k,-)(CI)ka (H(q)li—l_li)(q)kﬁ
i=2 i=2
(k,szaﬂ(/éflﬁ)

@R gy, g gDkl gy, (g
(Q)s—kw (Q)s—lﬁ (Q)—s+ka+llg

Y
(n(q)mi—l —m; )(Q)’Z"V
i=2
qz+(t+1)(t—a—m7)+“"” (@a (q)my

X 1 2
(Q)t—a(Q)t—my(q)—t+a+my(1 —g"* (1 —q"*%)
In (3.2.6), we have

1
5(k% +ky+ B+ 1) = (ko + )

1
(3.2.7) _ 5{(kf—ka)+(k1 —ka) + (B3 = g) + (11 — Ip)}

> 0.

If ko +1lg > n+1, then

1

E(k%+k1+1%+11) >n+1
by (3.2.7). Then,

(kG —ka)+(I5-1p)

n no B (s 1) (s—kg—Ig)+hol
q%<k%+k1+z%+zl>( 3 X(Zq ~_ 1 P @Dk (D
s:max{k(,,lﬁ} a=s ((])s—ka(Q)s—lﬁ(CI)—s+ka+l,g
min{a-+m,.n} qt+(t+ D(t—a—my)+am, (@a (Cl)my

(X @Dra D@ trarm (L= (1 = 72 )

t=max{a,m,}

n n
=1 q%(k§+k1+z%+ll)( Z X(Z (Dio (@i
a=s (Q)S—ka(q)s—lﬁ((])—s+ka+lﬁ

s=max{kq.lg}
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min{a+m,,n}

(D@D,
< X @@ (@) iﬁzy(l— g (1 - f+2>)))

t—max (l ny

= ¢"*! + (high order terms)

=u+1 0.
In the first congruence, we apply

(3.2.8) (kg —ka) > 0,
(3.2.9) (5—1p) 20,
(3.2.10) s+ (s+ 1)(s kg — 1) + kolg > 0,
(3.2.11) t+(t+1)(t—a—my)+amy, >0,

and (3.2.7). As regards (3.2.10) and (3.2.11), see the proof of Corollary3.1.3. We use
1

=g = =1+¢+¢*+--- for the second congruence. Thus, we have

(3.2.12)
J(PLa LT B1,12y 1):g)

S > >

O0<ko<kq-1<<ki<n  0<Ilg<lg 1<-<h<n 0<my<my 1<-<mp<n

( 1)L ki g B 30+ ( 1)2: ligE A LB+ (q);;z§+n17(q)zj;11(ml2+2m,-)(q)n

Y
(]‘[(q>k,._l_ki)<q>kw (H@,,._l_,i)(q)kﬁ (| [@mr-m)@),
i=2 =2 i=2

(k 1\0)+(ll%, lg)
D(s—koe
T gDkt (g, (g)y,

Z Z (D 5—ko (@) s—1(@) = 5+ko +15

s=max{kq,lg}

ka,+lﬁ

min{a-+m,,n}
X

= maxam

qt+(t+ D(t—a—my)+amy, (q)a (q)my )))
y D= @i (D=r+arm, (1 = g1 -¢'?)

In (3.2.13),if a+my, > n+ 1, then

2
Y

=(t—a+1)(t—my+1)=1+m,+m

t+(@+1)(t—a—-my)+am,+m,+m

Zt—m,,+1—1+my+m$,

=t+ml>n+1
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by using 7 > max{a,m,} and m%, > my. Thus, we have

qm%-'-my i qt+(t+1)(t—a—my)+amy (q)a (Q)my
(D t-a(Dt-m, (D —rra+m, (1 =g (1 = g'2)

t=max{a,m,}

n
Z qm%myq”(’*1)("“""7)”’"7 + (high oredr terms)

t=max{a,m,}
= ¢"*! + (high order terms)

=u+1 0.
Therefore,

(3.2.13)
JloPLa 1B 1,12y Dig)

D> > >

0<ko<kq_1<-<ki<n  0<lg<lg 1<--<h<n  0<my<my_1<--<mi<n

(—1)Zim kig Ty 30 +k) ( 1)2, ligZ S 3@+ (q)m%mv(q)i?lf(m?+2mi>(q)n
X

[ Y
(| [@x )@, (ﬂ@li_l_li)(q)kﬁ (| [@mr-m)@),
i=2 =2 i=2

ka+lg i ot ) V) s+(s+1)(s—ka—1g) +halp
q (Do (@i

Z (Z (C[)s k(,(CI)s lﬂ(CI) s+ko+lg

s=max({kq.lg}

X “i",j g (@)@, )))
t=max{a,m, (Q)t a(q)i- my(Q) t+a+m7(1 (1 - g'*2) .

Then, consider the same as for J° ( +1 0)(P(l al,TB8T,l2y1);q9),

T o PUa L1112y Dig)
:qz(a+,8)(n+1)2 1(3a+3,8 2)(n+1)J(S,i:-1 0)(P(~L o l»T,B T,l 2/}/ T),Q))

= 2. 2.

O0<ko<kg-1=--<ki<n+l  0<lg<lg <--<lj<n+l  0<my<m,_;<--<m<n+l s=max{kq,lg}

min{ky+lg,n+1}

n+1  min{a+my,n+1}

@ a—1
(—I)Zi qz aqzl 1 z(k kz)(q)
DIND)

2a+1

(| [ @r )@,

i=1

t=max{a,m,}
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LG 1) qZﬁqu LG (), L@ Y (g T (g2

(]‘[(q»i_l_l,.)(q)kﬁ (]‘[(q>mi_l_mi)<q)my
i=1 i=1
- _ka;lﬂ qs+(s+1)(s—ka—lﬁ)+kalﬁ(1 _ qn+2—k(,)(1 _ qn+2—l[g)
% (1 — qn+2—s)2

(Q)ka(Q)zﬁ(CI)iH_ka (q)i+1_lﬁ(Q)2(n+l)—s+2

X
D2 (D2 Dk (@D 515D 204 1)k —15+2(D—s kg 41
q(Hl)(I “ m7)+am7(51)a(Q)my(Q)n+1 a(q)n+l — (@2(n+1)-1+2 . _qn+2)(1 _qn+3)

D2 D2 D= D=, (D204 1) -a-mys2(D=rvarm, — (1—g" (1 —g"*?)

min{ky+lg.n+1}  p41

= 2 2 2 X

0<kq<ky_1<<k1<n+1 0<lg<lg 1 <--<l1j<n+1 0<my<my_1<--<m<n+l s=max{kq,lg}
min{a+m,,n+1}

[ a-11q2, .
Z (—1)Zi=1k’qzi:‘ 2k +k’)(q)n+1
(07
t=max{a,m,} (n(q)k[,l—ki)(@"“—kl(q)ka

i=2
( 1)2, 1ll i= 1 2(1i2+li)(q)n+1 (‘])my+my(‘I)Z’ l(m +2ml)(‘])n+1

(l_[(CI)lH 1) @Dnr1-1, (i (l—l(q)mi—l )@t 1-my (@i,
i=2 i=2

)
qfqs+(s+l)(s—ka—lﬁ)+kalﬁ(1 _ qn+2—ka)(1 _ qn+2—lﬁ)

(1 _ qn+2—s)2
(Q)ka(CI)lﬁ(Q)n_,_l ka(Q)ﬁ+l_lﬁ(Q)2(n+l)—s+2

X

(Q)ﬁH(CI),HI D sk (D s—1( D200+ 1) ko~ 15+2(D) - 5k +1
gt mamm)ramy (g (@m, (@)2, | a(f])n+1_m (@20m+1)-142 (1= g*2)(1 - g™*3)

@2 @D, D= D=, D200 D-a-m 42 (D trarm, =g+ (1 =g

min{ke+lg.n+1}  p41

3 5 > >

O<ko<kq-1<-<ki<n+l  O0<lg<lg 1<--<L<n+l 0<my<my_;<--<mj<n+l s=max{kq.lg}

min{a-+my.n+1} (_1)Z§Y=1 kiqZ?:_,l $(k2+k;) y (_1)Z?=1 liqu:]l 3P+

2

=max a,n . ’B
r=max{a.my ) (l—[(q)ki,l-ki)(q)ka (l_[(q),i_]_,i)(q)kﬁ
i=2

i=2
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(kg —ka)+(15~1p)
5 -1 ) a BB L
@ ER gy g g b g, (@)

(@D 5—ko (@) 5-15(q) =54k +1

Y
(| [@ms-m) @2,
i=2

y qt+(t+ D(t—a—my)+am,, (Q)a (Q)my
(Dt-a D t-m (@D —t1arm, (1 =g H(1 = g'*2)

=1 > > >

0<ko<kq_1<-<ki<n+l  0<lg<lg 1<--<h<n+l  0<my<my_1<--<mij<n+1

a i a-11/2.7. B . B-11.2.7. 2 y=1, 2 .
o (—l)zizlk’qzizl 3 (ki +ki) o (—I)Zizlllqzizl 2+ o (q)m7+m7(q)zi:1 (m; +2m’)(61)n+1

[ ﬁ Y
(E[(q>ki_1_ki)<q>ka (| T@r=@x, (]_2[<q>mi_1_mi><q>,%1y
= i=2 i=
ko+lg n+l w s+(s+l)(s—ka—lﬂ)+kalﬁ( ) ( )
y ( Z ( Z q q Dk \Dig
R S AR = (D51 (@) 5-15(@) =5+ +1
a+my qt+(t+ D(t—a—my)+am, (q)a (C])my

8 Z (Q)t—a(Q)t—my (Q)—t+a+my(1 - CIH] )1 - 61”2) )))

t=max{a,m,}
If k; =n+1, then we have

(= 1) Zir ki g R 50 +ki)

(| [@kr-x)an,

i=2

@ poyasllg2 g
(o g (=1)ZiakigZis 3 +k)

3.2.14 2
G219 (| [@# 1)@k,
i=2

(—1)ZimkigZis T3 +k)

— (_ 1)n+lqn+l+%(n2+n)

(| [@k )@,

i=2
Thus, when k; =n+1,

J"§I3

o PLa L TAT.L2y ig)

) > >

0<ko<kq-1<<kp<n+l  0<lg<lg 1<--<hi<n+l  0<my<my,_1<-<m<n+l
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@ . a-11/12.71. B . B-11,12.7. 2 y=1, 2 .
« (—I)Zizlquzizl 3 (ki +ki) o (—1)2i=1 l’qzizl 2 Ui+ " (q)m)’+m7(q)zi:l (m; +2mz)(q)n+]

a B L
(g(q)k,-l—k,-)(q)ka (g(q)zil—li)(q)kﬁ (g(q)m“_m")(q)%y
) ( kiiﬁ (nZH qwq”(” DUs=ha=lp) kol (@), (@)
s=max{kq,lg}  a=s (Q)S_kd(q)s_lﬁ(q)_ﬁk(ﬁlﬁ
) aiy qt+(f+ D(t—a—m,)+am, (Qa (Cl)m7 )))
(@1-a(@rm, (@)-rearm, (1= D) (1 = ¢*2)

t=max{a,m,}

@k Yol L2k
(_1)"+1q"+1+%(n2+n)((_1)21:1 g*i=1 5 (ke +k;)

a
OSkQSka_]S"'Sk2S71+l (n(q)k X )(C])k
i—17Ki et

i=2

(=1)Zi li g2 3G+

X
B
0<lg<lg_1<-<l1<n+1
P (] | @)@
=2
2 y-1, 2 .
y (""" (@) > "2 (@)

y
0<m,<m,_1<---<mi<n+1
Sy LS (| [@mir-m) @,
i=2
(K2 k) +(B—1g)
ka+lp nel PP gDkl hals (), (g) "
(04

q
% ( Z (Z (@) 5—ko (@D 5—15(@) =5y +15

s=max{kq,lg} a=s

. aiy ql+(l+l)(l—a—m,/)+amy(q)a(q)my )))
t=max{a,my ) (Q)t—a((])t—my(Q)—t+a+m7(1 —g" (1 -¢"*2)
_ (=1 I3 (—DZ=k
a
OSk(ySka_] S"'Sk23l1+l (n(q)kl_l —kl-)(q)ka
i=2
B
y . (et @
0<lp<lg_1<--<l1<n+1 0<my,<my_1<--<m;<n+1
=== M ud@n, === @me-m) @,
i=2 i=2
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ko+lg n+1

Z (Z (Dk, (Q)lﬁ

s=max{kq.lg} (D) s—kq (51)5—1,3 (9)—s+kw+lﬁ

« @@,
. ,ma%m (@r- a(CI)t—my(Q)—t+a+my(1 g*H(1 - q”z))))

=q"" Iy (high order terms)
=n+l 0.

We use (3.2.14) in the second equation and (3.2.10) and (3.2.11) in the third congruence
and ﬁ =1+ g+qg*+--- for the forth equation. By a similar calculation for /; = n+ 1
and m; = n+ 1, we obtain

(3.2.15)
Joo®Pal,1B1,12y 1:9)

SRS > )

0<ky<kq-_1<<ko<n 0<lﬁ<l[3 1<-<li<n OSmyﬁmy_]S'“Sm]Sn

( 1)2, 1 Zly 5 %(kz“‘k) (_1)2'?:1 liqzi_ll %(11'2”1') o (q)m5+mv(q)2f;l(m,-z+2mi)(q)n+1

B Y
(]_[(qn,.,l_ki)(q)k[, ( T@nr-)a, [ [@mr-m) @3,
=2 i=2 =2
R il n

y Z Z q 5 qs+(s+1)(s—k(y—lﬁ)+k(,lﬁ(q)ka(q)lﬁ
(@D 5—ko (@) s—1(@) = s+ko +15

s=max{kq,lg} a=s

a+m7

qur(H1)(t7afm),)+am7 (q) (Q)my
8 Z (Q)z a(@t-m, (@) =t+a+m, (1 — g+ hH( - ”2))))

1= rnaxam

According to (3.2.13) and (3.2.15),

TP a LT BTL 2y 1:9) Saet Jy o (PLe LTS 1,12y 1)),

Similarly, we can prove Main Theorem 2 for P(| @ |,T B T,l 2y T) when one of @ and 8
is odd and the other is even. Note that

J5o(PLa LT BT.02y 1)ig)) = —g2 @B +2Cas3i=dn o (o |1 7,02y 1)ig))

in this case. Moreover, we can show Main Theorem 2 for P(| 2a T,| 28 T,l 2y T) in the
same way we prove Main Theorem 2 for P(l @ [, TS T,1 2y 71). O

We obtain explicit formulae of the tails of P(| 2a T,/ 28 T,1 2y 7).
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Definition 3.2.3. Let power series f,,(q), F(q) € Z[[q]] for n > 1. We define
lim fu(q) = F(q)

by fu(@) =n+1 F(q)-
Theorem 3.2.4 (Kawasoe). Let a, 8 and vy be positive integers. The tail of the one-row
colored sl3 Jones polynomials for pretzel links P(| 2a T,| 26 T, 2y T) are the followng:
TB(P(L 2a 1,1 281,02y 1);9)
= lim Jo% (P(L 20 .1 281,12y 1))

@ ) 2, 2,

Osko<ko1<-<ki  O<lg<lp <<l O<my<m,_<-<m

a 2 . _ B (2 . _ Y 2 .
(@ @R (g g = T (g) 7 (g) =

a B Y
(3.2.16) (l_l(CI)k,«_,—k,»)(CI)ia (n(q)l,._l_zi)(q)lzﬁ (H(Q)mi_l—mi)(‘ﬂ%w
i=2 i=2 i=2
. ka+lg C[s+(s+1)(S_k"_lﬁ)+k“lﬁ(Q)ka(Q)lﬁ
=T ds) (D 5—ko (@) s—1(D=s51kq+15
§ s+Zmy qt+(t+l)(t—s—m7)+sm7(q) (C])my ))
Ty @Di=5@imy (D-rrsam, (1= g+ H)(1 = ¢*2)

Proof. Main Theorem 2 ensures the existence of the limit of J, ?130)(P(l 2 1,1 26 1,1
2y 1);q)). Then, we have
(3.2.17)

"SI% )(P(l 2a T l 2,8T l 2’)’ T) q))
_zn‘](SrILSO)(P(‘L 20 T,0 28 1,1 2y 1):9))

> > >

0<ky<kq-1<-<ki<n OSlﬁSlB_]S'“ShSn OSmVSmy,ls---Smlsn

a 2 . _ B (2 . _ Y 2 )
@@ g, (@ @R T g (@) (@R ),
a

B Y
(| [@%1-)@3, q J@m @3, (| [@mir-m)@2,
i=2 i=2

i=2

ko+l ko
y B qs+(s+1)(s ko lﬁ)+kalﬁ(q>ka(Q)lﬁ

s=max{kq.lg}

(D s5—ko (@) s—1(Q) =5k 415
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. sinly qt+(t+1)(t—s—m./)+smy (Q)S(Q)my ))
(@1=5(Di=m, (@ =t54m, (1 = g (1 = g"*?)

in the same way that we got (3.2.13). Then, we can obtain (3.2.16) by using (3.2.17). O

t=max{s,nmy}

Remark 3.2.5. The one-row colored sl3 Jones polynomial for P(2,2,2) multiplied by

g2 is
n=1 1-2g+¢*+2¢° —¢* +3¢° +2¢° +24° + ¢,
n=2 1-2g-¢*+6¢° -1¢° +2¢° +7q" =3¢ —6¢° +5¢'° +---,
n=3: 1-2q—q¢*+4¢ +4¢* -3¢° - 13¢° +2¢" +184% + 6¢° — 144" .-,
n=4 1—2q—q2+4q3+2q4+q5—9q6—10q7+8q8+18q9+18q10---,
n=>5 1-2¢-+44° +2¢" —¢° = 5¢° - 6" —4¢® +11¢° +25¢'° + - .-,
n=6: 1-2q-—q¢*+4¢°+2¢* -’ -7¢°-2¢" —¢° +18¢'% + .-,
n="7 1—2q—q2+4q3+2q4—q5—7q6—4q7+4q8+3q9+6q10+---,
n=_8 1—2q—q2+4q3+2q4—q5—7q6—4q7+2q8+7q9+10q10+---,
n=9 1-2g-+4¢ +2¢" —¢° = 7¢° —4q" +2¢° +5¢° + 144" + ...,
n=10: 1-2g-+4¢ +2¢"—¢° -7¢° - 4q" +2¢° +5¢° + 124" + - .

Using Mathematica, we computed the first 30 terms of 7~ BPA2,L2T,12D); q):

THPA21,121,121:9)

=311-29-¢* +4¢° +24* ~¢° - 7¢° — 4q" + 24"+ 5¢° + 124'° + 5¢'1 ~ 3¢'> ~ 10¢
—13¢™ = 15¢"5 — 646 +9¢'7 + 18¢'8 +23¢'% + 18¢%° + 18¢* —3¢*% —214%
—33¢%* 23947 — 32470 —18¢7 = 3¢*8 + 2147 + 484,

13
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Appendix A
Appendix

In this chapter, we give the 2m + 1 times half twists formulae for two strands.

A.1 The 2m+ 1 times half twists formulae for two strands
with the same directions

We can also compute 7(2,2m+1), Pl a [, T T, 2y T)and P(L 2a 17,0 28 T,1 2y T) by
using the following proposition.

Proposition A.1.1 (Kawasoe). Let n be a positive integer and kg = n. For a positive
integer m, we have

(A.1.1)

k
n m

: {+
< /,\[ = Y &Gk 77 )
;Dj - O<hn <k <--<ko<n

n kom
2m+ 1 times half twists

where

1.2 1 2 2 m 2 1
~ Y2 3mm (= +3K2) S K2k ) ok (oK)
E1(1,k0, K, s li) = (=10 L g0 " T gm T @ T T (@n(@Dko

(Do T2 (D k(D2
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For a negative integer m, we have

(A.1.2)

. o .
<ﬂ\ =Y ekkka{ T

\_ 3 O0<ky <kjynj—1<-<ko<n
n n
2m+ 1 times-half twists

where

Ln2+3 Ln2—6nko+3k2) S (—k2—k; L ko—ky,
£kt ) = (1T R g A T g R @@k

(Dn—ky n';Z'l (Q)ki_l—ki(Q)k@ |

Proof. We can prove Proposition A.1.1 in the same way as Proposition 2.1.1 by using
the following theorem. O

Theorem A.1.2 ([Yua21]). Let n be a non-zero integer and ko = n. For a integer m, we

have
(A.1.3)
n ‘D‘ n klml
< f\ > - K(n,ko,kl,...,k|m|)qem< e >
AU—/ {+ : O0<kyym <kjpn-1 <-+-<ko<n 3
m times half twists K
where
_1.2 lml 72 7. 1
cnkouky koo = q 3(n +3”)qui:1(ki +k,)(q)nq2(k0 km)(‘])ko
s KOs K15 +-o5 K|m|)gem =
1 @k
and ¢ = q%.

Concerning (2.2.2) in Main Theorem 1, we can also compute the one-row colored
sl3 Jones polynomials for pretzel links P(L a |,T B T,l 2y T) by using Proposition A.1.1
and Theorem A.1.2 instead of Propositon 2.1.1.
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Theorem A.1.3 (Kawasoe). Let a, 8 and y be non-zero integers. The one-row colored
sl3 Jones polynomials for pretzel links P(} @ |,T B8 T,l 2y T) are the following:

(A.1.4)
J8 (P(L2a+1 1, 128+1 1,02y 1):q)

= 2. 2,

0<kpo+1<kpy<--<kisn  O<lpgyy<lpg<--<h<n  0<myy<mpy—1<--<mi<n  s=max{kpo+1).l2p+1)}

min{kpa+1+28+1),1}

n min{a+s,n} )
n“+3n

(g 3 ) BB 2D noary (ki ks oo kar1)
a=s  t=max{a,s}

X Esing(2p+1) (1, 115 12, s lpgr1))p(n, my, ma, .y mpy) ) ger N, 8, ket 115 Lp+1))
1) (1 _ qn+l)(1 _ qn+2)
(1 _qt+1)(1 _qt+2) ’

X l/’(n9 a7 ml’y|’ t)q

(A.L5)
Ty (P(L2a+11,1281,12y 1):q)

=2 2. 2.

0<kpor1<kpy<-<kisn  0<hp<bpg-1<-<hi<n  0<myy<myy_1<-<my<n s=max{kpa+1),l28}

min{kpa+11+hi8}

n min{a+y,n}

n2+3n A, P _
Z Z (g 5 ) ety 1)fsign(zaﬂ)(n,/’Cl,kz,-.-,/’€|2a+1|)l<(l’l,11,12,.--,12L13|)qfﬁ

) (1 _ qn+1)(1 _ qn+2)
(1 _qt+l)(1 _qt+2) >

X d(n,my,my,...,mpy)) 4y Q0 kipa+1), Laig, DY (n, 1, a,mpy g

(A.1.6)

J(SEO)(P(l 20+11,7281.12y 1):q)

= 2. 2,

min{kpa+1+25} n—s

0<kpar1<kpa<<kisn  0<bp<bpg-1<-<h<n  0<mp<mpy-1<-<m<n  s=max{kpge+1,bg} a=0
min{a+s,n} s
22430 24-2842y-1
Z (g 3 )Ry )Xsign(2a+1)(n,k1,k2,-.-,k|2a+1|)l<(n,l1,lz,~--,lzw|)qfﬁ
t={a,s}

) (1 _ qn+l)(1 _ qn+2)
(1 _qt+1)(1 _qt+2) ’

Proof. We can show Theorem A.1.3 in a similar to proving Main Theorem 1. O

X d(n,my,my,....mpy)) 4y Q0. kipa+1), Laig, DY (n, 1, a,mpy g
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Remark A.1.4. When we use compute he one-row colored sl3 Jones polynomials for
pretzel links P(| @ |,TB T,l 2y T) by using Mathematica, we can obtain the results more
quickly using Theorem A.1.3 than Main Theorem 1.

A.2 The2m+1 times half twists formulae for two strands
with opposite directions

Proposition A.2.1. Let n be a positive integer and ko = n. For a positive integer m, we

have
(A2.1)
ILD_\ ‘D‘ § km+l
< > = Z L(n’kl,k2a---’km+l)< = k1 >
\ 1 3 ke Shm<-<ki<n 3
n n
2m+ 1 times half twists
where
L2 —6kpkyp_1+3k% ) S (K2+2k;)
q6 m mam= m+1 q =1\ !

L(l’l, kl s kz, ---’km+1) = q_%m(n2+3n)+n2+4i’l(_1)km+1

[ AT /)T €7 T
Proof. We can easily show this by using Lemma 1.2.3 and Theorem 1.2.4. m|

Remark A.2.2. We expect to use Proposition A.2.1 to compute pretzel knots for which
all three parameters not included in the result of Main Theorem 1 are odd.
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