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Preface

This paper is based on the author’s paper, [Kaw]. We study one of the quantum in-
variants, the colored sl3 Jones polynomials, in this paper. Jones discovered the Jones
polynomial, an invariant of the link, in [Jon85]. The discovery of the Jones polynomial
led to the discovery of many link invariants using the R-matrix, which is the solution
of the Yang-Baxter equation. These invariants are understood as quantum invariants by
treating the R-matrices in a unified manner. We use the Lie algebra g and its irreducible
representation V to treat R-matrices in a unified way. Thus, the quantum invariant of a
link is obtained by the Lie algebra g and its irreducible representation V . Note that it
is not precisely the Lie algebra g, but the quantum group Uq(g) with the structure of a
ribbon Hopf algebra obtained from the Lie algebra g. In particular, if g = sl2 and V =C2,
the quantum invariant of links is Jones polynomial. There are many examples of com-
puting Jones polynomials of knots directly using the R-matrix. However, in general, it
is difficult to compute the Jones polynomial of the link in that way.

Kauffman [Kau87] reformulated the Jones polynomial of a link L by using the Kauff-
man bracket skein relation. This allowed us to compute the Jones polynomial of the
links graphically. Furthermore, as a generalization of the Jones polynomial, we consti-
tute the colored sl2 Jones polynomial Jsl2N (L;q) by an (N + 1)-dimensional irreducible
representation of sl2. For a link L, we can also compute Jsl2N (L;q) graphically by us-
ing the Kauffman bracket and the Jones-Wenzl projector [Wen87]. The Jones-Wenzel
projector is an element of the A1 web space and plays a crucial role in Jsl2N (L;q). The
linear skein theory is this method of calculating Jsl2N (L;q). There are many examples of
Jsl2N (L;q) calculated by using the linear skein theory. We can see one example in [Lic97].
The explicit formulae in Jsl2N (L;q) are helpful when we consider the property that there
exists the limit of the colored Jones polynomial called the tail, and conjectures related to
the quantum invariants of links such as the volume conjecture [Kas97], the Jones slope
conjecture [Gar11], etc.

As regards the tail of links, first, Dasbach and Lin [DL06] showed that the first two
coefficients and the last two coefficients of Jsl2N+1(K;q) do not depend on N for alternat-
ing knots K. They also showed that the third and the third to last coefficients of Jsl2N (K;q)
on N for alternating knots do not depend on N provided N ≥ 3. This result led them to
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predict that the coefficients of Jsl2N (K;q) up to the k-th do not depend on N provided
N ≥ k; for alternating knots K, there exists a q-series T sl2(K;q) in Z[[q]] such that

T sl2(K;q)− Ĵsl2N (K;q) ∈ qN+1Z[[q]]

where Ĵsl2N (L;q) is a normalization with the minimum degree of Jsl2N (L;q) and T sl2(L;q)
is called the tails of Jsl2N (K;q). Armond [Arm13] showed the existence of the tails
of the colored Jones sl3 polynomials for adequate knots containing alternating knots.
Garoufalidis and Lê [GL15] gave proof of the existence of more general stability of
coefficients of Jsl2N (K;q) for alternating knots. Armond and Dasbach [AD11] gave ex-
plicit tails for (2,2m+1)-torus knots and (2,2m)-torus links. Hajij [Haj14] gave explicit
tails for 85 in the Rolfsen table of knots. Elhamdadi-Hajij [EH17] and Beirne [Bei19]
gave explicit tails for pretzel knots P(2k+1,2,2l+1). Kicilthy-Osburn [KO16], Beirne-
Osburn [BO17], and Garoufalidis-Lê [GL15] gave the explicit tails for knots with small
crossing numbers. Furthermore, Armond and Dasbach [AD17] proved that the tails of
adequate links only depend on these reduced A-graphs.

Meanwhile, the colored sl3 Jones polynomial Jsl3(n1,n2)(L;q) is obtained by a link and
an (n1,n2)-irreducible representation of sl3. However, due to the complexity of the cal-
culation, the explicit formulae for the colored sl3 Jones polynomial only exists for a
trefoil knot [Law03], (2,2m+1)-torus knots [GV17, GM13], two bridge links [Yua17],
and (2,2m)-torus links [Yua17, Yua18b, Yua21]. For trefoil knot and (2,2m+ 1)-torus
knots, representation theoretical methods, the Jones-Rosso formula [RJ93], gave the
colored sl3 Jones polynomials. In the colored sl3 Jones polynomials, the A2 bracket
plays the same role as the Kauffman bracket, and the A2 clasp [Kup96] plays the same
role as the Jones-Wenzel projector. For (2,2m)-torus links and two bridge links, graph-
ical techniques with the A2 bracket and the A2 claps gave the one-row colored sl3 Jones
polynomials obtained by an (n,0)-irreducible representation of sl3. Kuperburg’s lin-
ear skein theory [Kup96] is these graphical techniques. In [Kaw], the author calculated
Jsl3(n,0)(P(α,β,γ);q) for three-parameter families of oriented pretzel links P(α,β,γ) except
for those where α,β,γ are all odd by using Kuperberg’s linear skein theory.

Besides, we can consider the tail concerning the colored sl3 colored Jones polyno-
mials of links. Garoufalidis and Voung [GV17] showed the stability of coefficients of
Jsl3(n1,n2)(L;q) for (a,b)-torus knots. Yuasa [Yua17, Yua18b, Yua20, Yua21] gave explicit

tails of Jsl3(n,0)(L;q) for (2,2m)-torus links and proved the existence of the tails of the
one-row colored sl3 Jones polynomials for minus adequate oriented links. Moreover,
these explicit tails derived the Andrews-Gordon type identities for the (false) theta se-
ries. The author [Kaw] showed the existence of the tails of the one-row colored sl3 Jones
polynomials for alternating pretzel links P(↓ 2α+1 ↓,↑ 2β+1 ↑,↓ 2γ ↑).
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Main results
We list the main results of this paper. Let α, β, γ be integers. Denote by P(α,β,γ) the

pretzel link with 3 crossing regions given the following:

P(α,β,γ) = α β γ

where a box marked with the letter α represents a right-handed (resp. left-handed) |α|-
twist if α > 0 (resp. α < 0). Boxes with other letters represent the same thing. The
one-row colored sl3 Jones polynomial of a link depends on the direction of the link.
Therefore, it is necessary to distinguish links with different directions. For example, we
consider a knot with the following directions using the arrow symbol.

P(↓ 3 ↓,↑ 3 ↑,↓ 2 ↑) =

In the following theorem, we give formulae for the one-row colored sl3 Jones polyno-
mial of pretzel linksP(α,β,γ) except for those where α,β,γ are all odd.

Main Theorem 1 ([Kaw]). Let α,β,γ be non-zero integers. The one-row colored sl3
Jones polynomials for pretzel links P(α,β,γ) are the following:

Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)

=
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

min{s+m|γ|,n}∑
t=max{s,m|γ|}

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ

×ψ(n, s,k|α|, l|β|)ψ(n, t, s,m|γ|)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

,
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Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)

=
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

min{a+t+m|γ|,n}∑
t=max{a,m|γ|}

min{a+t+m|γ|,n}∑
t=max{a,m|γ|}

(q
n2+3n

3 )−(α+β−2γ)χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)

×ϕ(n,m1,m2, ...,m|γ|)qϵγΩ(n, s,k|α|, l|β|)ψ(n, t,a,m|γ|)

×q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

where qϵγ = q
γ
|γ| .

Pretzel knots P(↓ α ↑,↓ β ↑,↓ 2γ ↑) include 85 and 819. These knots are not (2,2m+
1)-torus knots and have the bridge index br = 3. In other words, Main Theorem 1 is
a result involving knots that have not been computed so far. We also give the one-row
sl3 colored Jones polynomials for four and five parameter pretzel knots 810,815,820, and
821. As a result, the one-row sl3 colored Jones polynomials are determined for all knots
with eight or fewer crossings except 816,817,818. Moreover, from Main Theorem 1, we
can see the stability of the coefficient of the one-row colored sl3 Jones polynomials of
P(↓ α ↓,↑ β ↑,↓ 2γ ↑) and P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑). For instance, the one-row colored sl3
Jones polynomial for P(3,3,2) = 85 multiplied by q3n2+8n is

n = 1 : 1−q+q2−2q4+q5−2q6+q7+q8+q10,

n = 2 : 1−q+q3−2q4+2q6−2q7−2q8+4q9+q10+ · · · ,
n = 3 : 1−q−q4+q5+q7−4q8−q9+8q10+ · · · ,
n = 4 : 1−q−2q4+2q5+q6−2q8−4q9+4q10 · · · ,
n = 5 : 1−q−2q4+q5+2q6+q7−3q8−4qq+q10+ · · · ,
n = 6 : 1−q−2q4+q5+q6+2q7−2q8−2q9+3q10+ · · · ,
n = 7 : 1−q−2q4+q5+q6+q7−q8−q9+2q10+ · · · ,
n = 8 : 1−q−2q4+q5+q6+q7−2q8+3q10+ · · · ,
n = 9 : 1−q−2q4+q5+q6+q7−2q8−q9+4q10+ · · · ,
n = 10 : 1−q−2q4+q5+q6+q7−2q8−q9+3q10+ · · · .

Main Theorem 2 . Let α, β, and γ be positive integers. For oriented pretzel links
P(↓ α ↓,↑ β ↑,↓ 2γ ↑), there exists T sl3(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q) in Z[[q]] such that

T sl3(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)− Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) ∈ qn+1Z[[q]].
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Moreover, for oriented pretzel knots P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑), there exists T sl3(P(↓ 2α ↑
,↓ 2β ↑,↓ 2γ ↑);q) in Z[[q]] such that

T sl3(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)− Ĵsl3(n,0)(P(↓ 2α ↓,↑ 2β ↑,↓ 2γ ↑);q)) ∈ qn+1Z[[q]].

Main Theorem 2 is a more generalized version of Theorem 5.3 in [Kaw].

Plan of the paper
This paper is organized as follows. In Chapter 1, we review Kurperberg’s linear skein

theory and the formulae for the A2 clasp given by Ohtsuki and Yamada [OY97], Kim
[Kim06, Kim07] and Yuasa [Yua17, Yua18b]. In Chapter 2, we derive a formula for
m times-half twists where two strands with the same directions for Kurperberg’s web
space. These formulae were given by the author in [Kaw]. Then, we give the one-row
sl3 colored Jones polynomial for a three-parameter family of pretzel links P(α,β,γ).
And finally, we give the one-row sl3 colored Jones Polynomials for 810,815,820 and
821. In Capter 3, we give the proof that the tail of Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q) and

Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q) exist. We also give explicit formulae of the tails of

Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q) and Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q). In the Appendix,
we give the 2m+1 times half twist formulae for two strands, which we do not use in the
proof of Main Theorem 1 and Main Theorem 2.
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Chapter 1

Preliminaries

In this chapter, we review Kuperberg’s linear skein theory for A2 web space and the
formulae for the A2 claps given by Ohtsuki and Yamada [OY97], Kim [Kim06, Kim07]
and Yuasa [Yua17, Yua18b]. We use many of these formulas successfully in calculating
the one row sl3 colored Jones polynomials.

1.1 Kuperberg’s linear skein theory
We use the following q-integer notations:

{n}q = {q
n
2 −q−

n
2 }q, {n}q!= {n}q{n−1}q · · · {1}q, [n]q =

{n}
{1} , [n]q!= [n]q[n−1]q · · · [1]q

where n is a non-negative integer. And, the binomial coefficients of q-integer are defined
by [

n
k

]
q
=

[n]q!
[n− k]q! [k]q!

(1.1.1)

where [n]q!= [n]q[n−1]q · · · [1]q.

Lemma 1.1.1 ([OY97]). Let a, b and c integers. We have the following formulae.

[a]q[b]q− [a− c]q[b− c]q = [a+b− c]q[c]q,(1.1.2)
[a]q[b− c]q+ [c]q[a−b]q = [b]q[a− c]q,(1.1.3)

[a]q[b]q =

a∑
i=1

[a+b− (2i−1)]q =

b∑
i=1

[a+b− (2i−1)]q(1.1.4)
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Proof. We confirm (1.1.2) as follows;

[a]q[b]q− [a− c]q[b− c]q =
1

(q
1
2 −q−

1
2 )2
{(q a

2 −q−
a
2 )(q

b
2 −q−

b
2 )− (q

a−c
2 −q−

a−c
2 )(q

b−c
2 −q−

b−c
2 )}

=
1

(q
1
2 −q−

1
2 )2

(q
a+b

2 −q
a+b−2c

2 −q−
a+b−2c

2 +q−
a+b

2 )

=[a+b− c]q[c]q.

We can confirm the other formulae in the same way. □

We first define the A2 web spaces. Let D be a disk with signed marked point (P, ϵ)
on its boundary where P is a finite set such that P ⊂ ∂D and ϵ : P→ {+,−} is a map. A
bipartite uni-trivalent graph on D is an immersion of a directed graph such that every
vertex is either univalent or trivalent and is divided into sink or source.

sink :
+

or
+

source : − or −

A tangled bipartite uni-trivalent graph diagram on D is a bipartite uni-trivalent graph
on D satisfying:

(1) the set of univalent vertices coincide with P,
(2) every crossing point is a transverse double point of two edges with under or over crossing data.

For tangled uni-trivalent graph diagrams G and G′, we call G regular isotopic to G′ on D
if G is related to G′ by a finite sequence of boundary-fixing isotopies and Reidemeister
moves (R1)− (R4) with some directions of edges.

(R1) = (R2) =

(R3) =

(R4) = , =
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The tangled uni-trivalent graphs on D are regular isotopy classes of tangled trivalent
graph diagrams on D. We denote T (P, ϵ) the set of tangled uni-trivalent graphs on D.
The A2 basis web has no crossing. Let B(P, ϵ) be the set of A2 basis web. The A2

web space W(P, ϵ) is a Q(q
1
6 )-vector space spanned by B(P, ϵ). An element in W(P, ϵ) is

called web.

Definition 1.1.2 (the A2 bracket [Kup96]). We define aQ(q
1
6 ) linear map ⟨·⟩3 :Q(q

1
6 )T (P, ϵ)→

W(P, ϵ) by the following:

⟨ ⟩
3
= q

1
3

⟨ ⟩
3
−q−

1
6

⟨ ⟩
3
,

⟨ ⟩
3
= q−

1
3

⟨ ⟩
3
−q

1
6

⟨ ⟩
3
,

⟨ ⟩
3
=

⟨ ⟩
3
+

⟨ ⟩
3
,

⟨ ⟩
3
= [2]q

⟨ ⟩
3
,

⟨
G∪

⟩
3
= [3]qG

where G is a bipartite uni-tri valent graph.

We can easily show that this linear map is invariant under a regular isotopy. We next
introduce the A2 clasps of type (n,0) according to [Kup96] and [OY97]. Let P be the set
{p1, p2, ..., p2n} where p1, p2, ..., p2n are elements of P aligned counterclockwise on ∂D
from p1 in order of decreasing subscript of pi, and ϵ is defined by

(1.1.5) ϵ(pi) =

+ (1 ≤ i ≤ n)
− (n+1 ≤ 2n)

.

We denote W(P;ϵ) as Wn++n− .
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Definition 1.1.3. Let n be a positive intger. We define the A2 clasps of type (n,0) by

⟨ 1 ⟩
3
=

⟨ 1 ⟩
3
∈W1++1− ,

⟨ n ⟩
3
=

⟨ n−1 1⟩
3
−

[n−1]q

[n]q

⟨ n−1

n−1

n−2

1

1

⟩
3
∈Wn++n− .

Here, a strand labeled by the number n implies the n parallel copies of the strand.

The following properties hold for A2 clasps.

Lemma 1.1.4 ([OY97]). For any positive integers m and n, we have

⟨n− k−2
1

k ⟩
3
= 0 (k = 0,1, ..,n−2),(1.1.6)

⟨ n ⟩
3
=

⟨ m n−m⟩
3
=

⟨
m n−m

⟩
3

(m ≤ n).(1.1.7)

Proof. At the beginning, we prove (1.1.6) in the case of n assuming (1.1.6) and (1.1.7)
in the case of n−1. By the induction hypothesis, it is sufficient to prove (1.1.6) in the
case of n concerning k = n−2.

⟨ n ⟩
3

=
(Definition 1.1.3)

⟨n−2
1 ⟩

3
−

[n−1]q

[n]q

⟨ n−2

n−2

1

1

⟩
3

=

⟨n−2
1 ⟩

3
−
⟨ n−2

1 ⟩
3
+

[n−2]q

[n]q

⟨ n−2

n−3
1 ⟩

3

=
((1.1.7) in the case of n−1)

[n−2]q

[n]q

⟨
n−3

n−2
1 ⟩

3

=
((1.1.6) in the case of n−1)

0
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We use

⟨n 1 ⟩
3

=
(Definition 1.1.3)

⟨n−2
1 ⟩

3
−

[n−2]q

[n−1]q

⟨ n−2

n−2

1

1

⟩
3

=
(Definition 1.1.2)

([2]q−
[n−2]q

[n−1]q
)
⟨n−2

1 ⟩
3
−

[n−2]q

[n−1]q

⟨ n−2

n−2

1

1

⟩
3

=
((1.1.4))

[n]q

[n−1]q

⟨n−2
1 ⟩

3
−

[n−2]q

[n−1]q

⟨ n−2

n−2

1

1

⟩
3

in the second equation. Then, we show (1.1.7) in the case of n assuming (1.1.6) in the
case of n. From Definition 1.1.2, the A2 clasps of type (m,0) is the sum of the terms
consisting of a top and bottom symmetric diagram composed of 3-valent graphs or m
parallel strands. The terms consisting of a top and bottom symmetric diagram vanish
by (1.1.6) in the case of n. Therefore we have (1.1.7) in the case of n.

□

Ohtsuki, Yamda[OY97] and Yuasa[Yua17] gave formulae for A2 clasps of type (n,0).

Lemma 1.1.5 ([OY97][Yua17]). For k = 0,1, ...,n, we have

(1.1.8)
⟨ n− k

k ⟩
3
=

[n+1]q[n+2]q

[n− k+1]q[n− k+2]q

⟨ n− k ⟩
3
,

(1.1.9)

⟨ k n− k⟩
3
= q

k(n−k)
3

⟨ n ⟩
3
,

⟨ k n− k⟩
3
= q−

k(n−k)
3

⟨ n ⟩
3
,
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(1.1.10)

⟨ n ⟩
3
= q

n2+3n
3

⟨ n ⟩
3
,

⟨ n ⟩
3
= q−

n2+3n
3

⟨ n ⟩
3
,

(1.1.11) ∆(n,0) =
⟨ n ⟩

3
=

[n+1]q[n+2]q

[2]q
,

(1.1.12)
⟨n

k k

n− k

n− k

⟩
3
= q−(n−k) (1−qn+1)(1−qn+2)

(1−qk+1)(1−qk+2)
∆(n,0).

Proof. First, we show (1.1.8) by the induction on n. We can easily check in the case of
n = 1. Assume (1.1.8) in the case of n−1.

⟨ l− k

k ⟩
3

=
(Definition 1.1.3)

⟨ l− k
k−1

1

⟩
3
−

[l−1]q

[l]q

⟨ l− k

n−2

k−1

1

⟩
3

=
(Definition 1.1.2)

([3]q−
[2]q[l−1]q

[l]q
)
⟨ l−1− (k−1)

k−1 ⟩
3

=
((1.1.4), the induction hypothesis)

[l+2]q

[l]q
(

[l]q[l+1]q

[l− k+1][l− k+2]
)
⟨ l− k ⟩

3

=
[l+1]q[l+2]q

[l− k+1][l− k+2]

⟨ l− k ⟩
3

13



Next, we prove (1.1.9) by the induction on n. If n = 1, then it is clear that (1.1.9) holds.
Assume (1.1.9) in the case of n−1.

⟨ n− k k ⟩
3
=

⟨l− k−1

k−1 1 ⟩
3

=
(Definition 1.1.2)

q
1
3 (k−1)(n−k)

⟨ l− k−1
k−1 1 ⟩

3

=
(Definition 1.1.2)

([3]q−
[2]q[l−1]q

[l]q
)
⟨l−1− (k−1)

k−1 1 ⟩
3

=
((1.1.4), the induction hypothesis)

[l+2]q

[l]q
(

[l]q[l+1]q

[l− k+1][l− k+2]
)
⟨ n ⟩

3

=
[l+1]q[l+2]q

[l− k+1][l− k+2]

⟨ n ⟩
3

We can prove this formula in the case of the intersection being upside down in the same
way. Then, we show (1.1.10). In the case of n = 1, it is true by Definition1.1.2. Then,
we have

⟨ n ⟩
3
=

⟨
2π

n ⟩
3

=
((1.1.10) for n=1)

q
4n
3

⟨
2π

n ⟩
3

=
((1.1.9) for n=2 and k=1)

q
n2+3n

3

⟨ n ⟩
3

where there are n(n−1) crossings in the 2π twisted strands. And finally, we can easily
confirm (1.1.11) and (1.1.12) by (1.1.8) and (1.1.7). □

We also introduce the A2 clasp of type (n1,n2) according to [OY97].

Definition 1.1.6 (the A2 clasp of type (n1,n2) [OY97]). Let n1 and n2 be non-negative

14



integers. We define the A2 clasp of type (n1,n2) by

⟨ n1 n2 ⟩
3
=

min{n1,n2}∑
i=0

(−1)i

[
n1
i

]
q

[
n2
i

]
q[

n1+n2+1
i

]
q

⟨ n1 n2

i

i

⟩
3
∈Wn+1+n−2+n−1+n+2

.

1.2 The formulae for the A2 claps
We use the following two types of web, stair-step and triangle, which we can see in
[Kim06, Kim07, Yua17], Etc.

Definition 1.2.1. For positive integers n and m, stair-step
n

m

is defined by

n

1

= n

1
1

,

n

m

=

1m−1

n (m > 1).

For positive integers n, triangle

nn

n

is defined by

11

1

=

11

1

,

nn

n

= n−1

11

1

(n > 1).

The opposite direction is defined in the same way.

15



The following formulae help the calculation of the sl3 colored Jones polynomial.
Yuasa [Yua17, Yua18b, Yua21] and Kim [Kim06] gave them. We sometimes omit di-
rections of edges of A2 webs.

Lemma 1.2.2 ([Yua17, Yua18a, Yua21, Kim06]). For positive integers m and n, we have

⟨ nm

n
⟩

3
=

⟨
n

m+n ⟩
3
,(1.2.1)

⟨
n

1 ⟩
3
=

⟨
1

n ⟩
3
+

n−1∑
k=0

⟨
k

n− k−1

1 ⟩
3
,(1.2.2)

⟨ nn

n

⟩
3
=

⟨
n− kn− k

k k ⟩
3

(1 ≤ k ≤ n),(1.2.3)

⟨ m

nn+m

m

⟩
3
=

⟨ m

nn+m

m

⟩
3
,(1.2.4)

⟨
nn

n

⟩
3
=

⟨
nn

n

⟩
3
,(1.2.5)

⟨
nn

n

⟩
3
=

⟨ 1

n−1n

n−11

⟩
3
−

[n−1]q

[n]q

⟨
n−1

1

n

n−11

⟩
3
,(1.2.6)

⟨
nn

n

n ⟩
3
=

⟨
nn

n

n ⟩
3
,(1.2.7)

16



⟨ m n ⟩
3
= (−1)mnq−

nm
6

⟨ m n ⟩
3
,

⟨ m n ⟩
3
= (−1)mnq

nm
6

⟨ m n ⟩
3

(1.2.8)

⟨ n ⟩
3
=

n−1∑
i=0

(−1)i [n− i]
[n]q

⟨ i 1

n− i−1⟩
3
,(1.2.9)

⟨
n

⟩
3
= (−1)nq−

n2+3n
6

⟨
n

n

n

⟩
3
,

⟨
n

⟩
3
= (−1)nq

n2+3n
6

⟨
n

n

n

⟩
3
,

(1.2.10)

⟨ m n ⟩
3
=

⟨ m n ⟩
3
,

⟨ m n ⟩
3
=

⟨ m n ⟩
3
.

(1.2.11)

Proof. First, we have (1.2.1) by the definition of stair-step. Next, we show (1.2.2) by
the induction on n. If n = 1, then we can easily confirm (1.2.2). Assume (1.2.2) in the

17



case of n-1. We have

⟨
n

1 ⟩
3

=
(Definition 1.2.1)

⟨
n−1

1

1 ⟩
3

=
(Definition 1.1.2)

⟨
n−1

1

1

1
⟩

3
+

⟨
n−1

1 ⟩
3

=
(the induction hypothesis)

⟨
1

n−1
1 ⟩

3
+

⟨
n−1

1 ⟩
3
+

n−2∑
k=0

⟨
k

1

1
n− k−2⟩

3

=

⟨
1

n ⟩
3
+

n−1∑
k=0

⟨
k

n− k−1

1 ⟩
3
.

Then, let us show (1.2.3) by the induction n. When n = 1, (1.2.3) can be easily checked.
If n > 1 and 0 ≤ j ≤ n,

⟨ n+1n+1

n+1

⟩
3

=
(Definition 1.1.2)

⟨
nn

1 ⟩
3

=
(the induction hypothesis, (1.2.1))

⟨
j−1

n− ( j−1)

1 ⟩
3

=
(Definition 1.1.2)

⟨
n− ( j−1)

j ⟩
3
=

((1.2.1)

⟨
n− ( j−1)

j ⟩
3

by the induction n. Furthermore, if j = n+ 1, then we can easily check (1.2.3). There-
fore, (1.2.3) holds. Then, we show (1.2.4) by the induction m. In the case of m = 1,

18



(1.2.4) holds by the definition of the A2 clasp. In the case of m = k+1, we have

⟨ k+1

n
n+ k+1

k+1

⟩
3

=
(Definition1.2.1, (1.2.1))

⟨ 1

k
n

k

n+ k+1

1

⟩
3

=
(the induction hypothesis)

⟨ 1

k
n

k

n+ k+1

1

⟩
3

=
(Definition1.2.1, (1.2.1))

⟨ k+1

n
n+m+1

k+1

⟩
3
.

Then, we only have to prove

⟨ n

k

1

n− k

⟩
3
= 0 (k = 1,2, ...,n−2)(1.2.12)

in order to show (1.2.5) because of Definition 1.1.3. The left-hand side of the above
equation can be transformed as follows:

⟨ n

k

1

n− k

⟩
3
=

((1.2.3))

⟨ n

k

1

n− k

⟩
3
=

((1.2.4))

⟨ k

n
1

n− k

⟩
3
.

In addition, we obtain

⟨ n− k 1

n− k

⟩
3

=
(Definition 1.2.1)

⟨ n− k 1

n− k

⟩
3

=
(Definition 1.2.1)

⟨ n− k 1

n− k

⟩
3

=
((1.2.1))

⟨ n− k 1

n− k

n− k−2

⟩
3

=
((1.1.6), Definition 1.1.2)

⟨ n− k 1

n− k−2

n− k

⟩
3

=
((1.1.6), Definition 1.1.2)

0.
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Therefore, since (1.2.12) holds, (1.2.5) is proved. Then, we show (1.2.6). We have

⟨
nn

n

⟩
3

=
(Definition 1.2.1)

⟨ 1

n−1n

n−11

⟩
3

=
(Definition 1.1.3)

⟨ 1

n−1n

n−11

⟩
3
−

[n−1]q

[n]q

⟨
n−1

1

n

n−11

⟩
3
.

In the second term,

⟨
nn

n

⟩
3

=
((1.2.4), (1.2.5))

⟨ 1

n−1n

n−11

⟩
3
=

⟨ 1

n−1n

n−11

⟩
3

=
((1.2.4), (1.2.5))

⟨ 1

n−1n

n−11

⟩
3
=

⟨ 1

n−1n

n−11

⟩
3

=

⟨
n−1

1

n

n−11

⟩
3
.

Thus, we can obtain

⟨
nn

n

⟩
3

=

⟨ 1

n−1n

n−11

⟩
3
−

[n−1]q

[n]q

⟨
n−1

1

n

n−11

⟩
3
.
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Then, we show (1.2.7) by the induction on n. For n = 1, it is clear by Definition 1.2.1.
Assume (1.2.7) for n−1. Then,

⟨
nn

n

n ⟩
3

=
(Definition 1.2.1)

⟨ n−1

n−1

1

⟩
3

=
(the induction hypothesis)

⟨ n−1

n−1

1

⟩
3

=
(Definition 1.2.1)

⟨
nn

n

n ⟩
3
.

Then, (1.2.8) is obtained by Defintion 1.1.2 and (1.1.6). And finally, see (1.2.9) for
[Kim07], (1.2.10) for [Yua18a], and (1.2.11) for [Yua21]. □

In [Yua17], Yuasa gave the half twists formulae for two strands, the m times full
twists formula for two strands with opposite directions, and the A2 bracket bubble skein
expansion formula. We use these formulae to calculate the one-row sl3 colored Jones
polynomial for pretzel links in Chapter 2. See [Yua17] for proofs of these formulae.

Lemma 1.2.3 ([Yua17]). For positive integer n, we have

(1.2.13)
⟨

nn

nn ⟩
3
=

n∑
k=0

(−1)n−kq
−n2+3k2

6
(q)n

(q)k(q)n−k

⟨
n

n− k n− k
n

nn
k

k

⟩
3
,

(1.2.14)
⟨

nn

nn ⟩
3
=

n∑
k=0

(−1)n−kq
n2−6nk+3k2

6
(q)n

(q)k(q)n−k

⟨
n

n− k n− k
n

nn
k

k

⟩
3
,

(1.2.15)
⟨ n

n

n− k−1

n− k−1

k

k

1

⟩
3
=

⟨ n

n

n− k−1

n− k−1

k

k

1

⟩
3

(n ≥ 2, 0 ≤ k ≤ n−1),
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(1.2.16)
⟨ n

n

n

n

n

n

⟩
3
=

n∑
k=0

⟨
kk

n− k

n− k

⟩
3
,

(1.2.17)
⟨n

n− k

n− k

k

kn

⟩
3
=

[n+1]q[n+2]q

[n− k+2]q
∆(n,0) (0 ≤ k ≤ n).

Theorem 1.2.4 (m times full twist formula [Yua17]). For a positive integer n, we have

⟨
m times full twists

n

n

⟩
3
=

∑
0≤km≤km−1≤···≤k1≤n

ϕ(n,k1,k2, ...,km)qϵm

⟨ n

n km

km

n− km n− km

⟩
3

where

ϕ(n,k1,k2, ...,km)qϵm =
(qϵm)−

2m
3 (n2+3n)(qϵm)n−km(qϵm)

∑m
i=1(k2

i +2ki)(qϵm)2
n

(qϵm)n−k1(qϵm)k1−k2 · · · (qϵm)km−1−km(qϵm)2
km

.

Theorem 1.2.5 (the A2 bracket bubble skein expansion formula[Yua17]). Let n be a
positive integer and k, l non-negative integers. For n ≥ k, l , we have

⟨n− k

n− k
n

n
n− l

n− l

⟩
3
=

min{k+l,n}∑
t=max{k,l}

ψ(n, t,k, l)
⟨ n− k

n− k
n− t

n− t

t− k t− l

n− l

n− l

⟩
3

where

ψ(n, t,k, l) =
q(t+1)(t−k−l)+kl(q)k(q)l(q)2

n−k(q)2
n−l(q)2n−t+2

(q)2
n(q)2

n−t(q)t−k(q)t−l(q)2n−k−l+2(q)−t+k+l
.
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Chapter 2

Computed the one-row colored sl3
Jones polynomials for pretzel knots
and links

In this chapter, we first introduce two formulae for A2 claps. These formulae were given
by the author in [Kaw]. Then, we give proof of Main Theorem 1. And finally, we
calculate the one-row colored sl3 Jones polynomial of the knots 810,815,820 and 821.

2.1 Twists formulae for the A2 claps
We give m times half twists formulae for two strands with the same directions for A2
bracket.

Proposition 2.1.1 (m times half twists formule [Kaw]). Let n be a positive integer and
k0 = n. For a positive integer m, we have

⟨
m times half twists

n

n

⟩
3
=

∑
0≤km≤km−1≤···≤k1≤n

χ1(n,k1,k2, ...,km)
⟨ km

km

n− km

n

n

⟩
3

(2.1.1)

where

χ1(n,k1,k2, ...,km) = (−1)nm q−
1
6 (n2+3n)mq

1
2 (n−km)(−1)

∑m
i=1 kiq

∑m
i=1

1
2 (k2

i +ki)(q)n∏m
i=1(q)ki−1−ki(q)km

.
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For a negative integer m, we have

⟨
m times-half twists

n

n

⟩
3
=

∑
0≤k|m|≤k|m|−1≤···≤k1≤n

χ−1(n,k1,k2, ...,k|m|)
⟨ k|m|

k|m|

n− k|m|

n

n

⟩
3

(2.1.2)

where

χ−1(n,k1,k2, ...,k|m|) = (−1)nm q
1
6 (n2+3n)mq−

1
2 (n−k|m|)(−1)

∑|m|
i=1 kiq

∑m
i=1

1
2 (k2

i −ki)q
∑|m|

i=1 ki−1ki(q)n∏|m|
i=1(q)ki−1−ki(q)k|m|

.

We prepare the following lemma to prove Proposition 2.1.1.

Lemma 2.1.2 ([Kaw]). Let n be a positive integer and k be a non-negative integer. For
0 ≤ k ≤ n, we have

⟨ n

n− k

k

k
n

⟩
3
=

⟨ n

n− k

k

k
n

⟩
3
.(2.1.3)

Proof. By definition of A2 clasp of type (n1,n2), we obtain

⟨ n

n− k

k

k
n

⟩
3

=

min{n−k,k}∑
i=0

(−1)i

[
n− k

i

]
q

[
k
i

]
q[

n+ i
i

]
q

⟨ n

n− k

k

i i

k
n

⟩
3

=

⟨ n

n− k

k

k
n

⟩
3
.
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The right-hand side of the above equation is zero by (1.2.5), (1.1.6), and (1.1.7) except
for i = 0. □

Proof of Proposition 2.1.1. We proceed by the induction on m. We can see that (A.1.3)
holds by (1.2.13) for m = 1. Assume (A.1.3) holds when m = l for some integers l ≥ 1.

⟨
m times-half twists

n

n

⟩
3

=
∑

0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)
⟨

n− kl

n− kl

kl

kl

n

n

⟩
3

=
∑

0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)
⟨

n− kl

n− kl

kl

kl

n

n

⟩
3

=
((1.2.10))

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)
⟨

n− kl

n− kl

kl

kl

n

n

⟩
3

=
((1.1.9))

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)

×q−
2
3 (n−kl)kl

⟨
n− kl

n− kl

kl

kl

n

n

⟩
3

=
(Reidemeister move)

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)
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×q−
2
3 (n−kl)kl

⟨
n− kl

n− kl

kl

kl

n

n

⟩
3

=
(Lemma 2.1.2, (1.2.8))

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)

×q−
1
3 (n−kl)kl

⟨
n− kl

n− kl

kl

kl

n

n

⟩
3

=
(Lemma 2.1.2)

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)

×q−
1
3 (n−kl)kl

⟨
n− kl

n− kl

kl

kl

n

n

⟩
3

=
((1.2.8))

∑
0≤kl≤kl−1≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)

×q−
1
3 (n−kl)kl

⟨
n− kl

n− kl

kl

kl

n n− kl

n

⟩
3

=
((1.2.13))

∑
0≤kl≤···≤k1≤n

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)q−
1
3 (n−kl)kl

×
kl∑

kl+1=0

(−1)kl−kl−1q
−k2

l +3k2
l+1

6
(q)kl

(q)kl−kl+1(q)kl+1

⟨n− kl

n− kl

kl

kl

kl+1

kl+1

n− kln

n

⟩
3
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=
∑

0≤kl+1≤kl≤···≤k1≤n

χ1(n,k1,k2, ...,kl+1)
⟨n− kl

n− kl

kl

kl

kl+1

kl+1

n− kln

n

⟩
3

In the eighth equation, it produces coefficients (−1)kl(n−k1)q
kl(n−kl)

6 and (−1)kl(n−k1)q−
kl(n−kl)

6 .
We use

χ1(n,k1,k2, ...,kl)(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)q−
1
3 (n−kl)kl

kl∑
kl+1=0

q
−k2

l +3k2
l+1

6
(q)kl

(q)kl−kl+1(q)kl+1

=(−1)nl q
− 1

6 (n2+3n)lq
1
2 (n−kl)(−1)

∑l
i=1 kiq

∑l
i=1

1
2 (k2

i +ki)(q)n∏l+1
i=1(q)ki−1−ki(q)kl

(−1)n−klq−
1
6 (n−kl)2− 1

2 (n−kl)q−
1
3 (n−kl)kl

×
kl∑

kl+1=0

(−1)kl−kl−1q
−k2

l +3k2
l+1

6
(q)kl

(q)kl−kl+1(q)kl+1

=

kl∑
kl+1=0

(−1)n(l+1) q−
1
6 (n2+3n)(l+1)q

1
2 (n−kl+1)(−1)

∑l+1
i=1 kiq

∑l+1
i=1

1
2 (k2

i +ki)(q)n∏l+1
i=1(q)ki−1−ki(q)kl

=

kl∑
kl+1=0

χ1(n,k1,k2, ...,kl+1).

for the last equation. We can see that

⟨
kl − kl+1

kl+1n− kl

n− kl

n− klkl

kl

n

n

⟩
3

=
(Lemma 2.1.2, ( 1.2.11))

⟨
kl − kl+1

kl+1n− kl

n− kl

n− klkl

kl

n

n

⟩
3

=
(Definition 1.2.1)

⟨
kl − kl+1

kl+1n− kl

n− kl

n− klkl+1

kl

n

n

⟩
3
=

((1.2.7))

⟨
kl − kl+1

kl+1n− kl+1

n− kl+1

n− klkl+1

kl

n

n

⟩
3

=
(Lemma 2.1.2, (1.2.11))

⟨
kl − kl+1

kl+1n− kl+1

n− kl+1

n− klkl+1

kl

n

n

⟩
3
.

(2.1.4)

27



By using (2.1.4), we have

⟨
kl+1

kl − kl+1

n− kl

n− kl

n− kl
kl

kl

n

n

⟩
3
=

⟨
kl+1

kl − kl+1

kl+1
n− kl+1

n− kl+1

n− kl
kl+1n

n

⟩
3
.(2.1.5)

We remove the A2 clasps by using Lemma 2.1.2 and (2.1.4) in (RHS of (2.1.5)). There-
fore, (2.1.1) holds for n = l+1. We can see (2.1.2) in a similar way. □

We use the same definition for the one-row sl3 colored Jones polynomial as we do
in [Yua17].

Definition 2.1.3. Let L be an oriented link, and L̄ a diagram of L. The one-row sl3
colored Jones polynomial for L is defined by

Jsl3(n,0)(L;q) = (q
n2+3n

3 )−w(L̄)⟨L(n,0) ⟩3/∆(n,0)

where w(L̄) is the writhing number of L̄ and L(n,0) replaces a part of L̄ with A2 clasp of
type (n,0).

For example,

⇒
T (2,3)(n,0) =

n

Let a map sign : Z→ {−1,0,1} be defined by

sign(x) =


1 (x > 0)
0 (x = 0)
−1 (x < 0)

.

Corollary 2.1.4 ([Kaw]). The one-row colored sl3 Jones polynomials for (2,m)-torus
links T (2,m) are the following:

Jsl3(n,0)(
⇒
T (2,m);q) = (q

n2+3n
3 )−m

∑
0≤k|m|≤k|m|−1≤···≤k1≤n

χsign(m)q
n+k|m|

2
(1−qn+1)(1−qn+2)
(1−q)(1−qn−k|m|+2)

.

(2.1.6)
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Proof. we can obtain (2.1.6) from Definition 2.1.3, Proposition 2.1.1 and (1.2.17). □

Remark 2.1.5. For m = 1 7, n=1,2, ...,10, Corollary 2.1.4 are equal to Theorem 2.1 in
[GM13] and Theorem 5.7 in [Yua17] for T (2,m) by using Mathematica. For example,

Jsl3(1,0)(T (2,3);q) = q−2+q−4−q−6,

Jsl3(2,0)(T (2,3);q) = q−4+q−7+q8−q−12−q−13+q−15,

Jsl3(3,0)(T (2,3);q) = q−6+q−10+q−11−q−13+q−15−2q17−q−18−q22+q−23+q−24

+q−25−q−27,

Jsl3(4,0)(T (2,3);q) = q−8+q−13+q−14−q−17+q−19+q−20−q−21−2q−22−q−23+q−25

−q−27−q−28+q−30+2q−31+q−35+q−36−q38−q−39−q−40+q−42,

...

Jsl3(10,0)(T (2,3);q) = q−20+q−31+q−32−q−41+q−43+q−44−q−51−2q−52−q−53+q−55

+q−56−q−62−2q−63−2q−64−q−65+q−67+q−68+q−70+q−71+q−72−2q−74−2q−75

−2q−76−q−77+2q−79+2q−80+2q−81+2q−82+2q−83+q−84−q−85−2q−86−2q−87

−2q−88−q−89+q−90+2q−91+3q−92+3q−93+3q−94+2q−95−q−96−2q−97−3q−98

−3q−99−3q−100−q−101+q−102+3q−103+3q−104+3q−105+2q−106−q−113−3q−112

−4q−111−4q−110−3q−109−2q−108−q−107−2q−108−3q−109−4q−110−4q−111−3q−112

−q−113+2q−114+3q−115+4q−116+3q−117−q−119−2q−120−3q−121−4q−122−3q−123

−2q−124+q−125+4q−126+5q−127+5q−128+2q−129+q−130−q−131−2q−132−3q−133

−3q−134−2q−135+3q−137+5q−138+4q−139+2q−140+q−141−2q−143−3q−144−4q−145

−4q−146−2q−147+3q−149+3q−150+q−151+q−152−q−154−3q−155−3q−156−3q−157

−2q−158+2q−160+2q−163+2q−164+q−165−q−167−2q−168−q−169+4q−161+2q−162

−q−170+q−171+2q−172+q173−q−177−q−178−2q−179−2q−180−q−181+q−183+q−184

+q−185+q−186+q−187+q−188−q−191−q192−q−193+q−195.

The following proposition is important when we calculate the one-row colored sl3
Jones polynomials of pretzel links.

Proposition 2.1.6 ([Kaw]). Let n be a positive integer and k, l non-negative integers.
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For n ≥ k, l , we have

⟨ n−l

n−l

n−k

n−k

k

l

k l

n

n

⟩
3
=

min{k+l,n}∑
t=max{k,l}

n∑
a=t
Ω(n, t,k, l)

⟨ n

n n−t

n−t

t t

⟩
3

where

Ω(n,k, l, t) =
q−

k+l
2 +tq(t+1)(t−k−l)+kl(1−qn+1−k)(1−qn+1−l)(q)k(q)l(q)2

n−k(q)2
n−l(q)2n−t+2

(1−qn+1−t)2(q)2
n(q)2

n−t(q)t−k(q)t−l(q)2n−k−l+2(q)−t+k+l
.

We first prove the following lemma.

Lemma 2.1.7 ([Kaw]). Let n and a be positeve integers. We have

⟨ n

n

a
⟩

3
=

[n+1]q

[n−a+1]q

⟨ n

n

a
⟩

3

Proof. First, we prove that it holds for a = 1.

⟨ n

n

1 ⟩
3
=

[n+1]q

[n]q

⟨ n

n

1 ⟩
3

(2.1.7)

The equation (2.1.7) is the same lemma in [Yua20], but we prove it differently. We
proceed by the induction on n. We can see that (2.1.7) holds by an easy calculation for
n = 2. Assume (2.1.7) holds when n ≤ k−1 for some integer k ≥ 3. Note that (1.2.5) and
(1.2.4) should be used appropriately and many times. We obtain

⟨ k

k

1

⟩
3
=

⟨ k

k

1

⟩
3
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=
((1.2.6))

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3
−

[k−1]q

[k]q

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3

=
((1.1.6), (1.1.7))

⟨ nk

k

1

k−1

k−1

1

k−2

k−2

⟩
3

=
((1.2.6))

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3
−

[k−1]q

[k]q

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3

=
(Definition 1.2.1, (1.2.9))

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3
− (−1)k−2 1

[k]q

⟨ k

k

1

k−1

k−1

1

k−2

k−1

⟩
3

=
[k]q

[k−1]q

⟨ k

k

1

⟩
3
− (−1)k−2 1

[k]q

⟨ k

k

1

k−1

k−1

1

k−2

k−1

⟩
3
.

We apply (1.2.10) with label k−1 in the fourth equation and

⟨ k

k

1

k−1

k−1

1

k−2

k−2

⟩
3

=
(the induction hypothesis)

⟨ k

k

k−1

k−1

1
k−2

k−2

⟩
3

=
((1.2.15))

[k]q

[k−1]q

⟨ k

k

1

⟩
3
.
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in the last equation. For the second term of the last equation,

⟨ k

k

1

k−1

k−1

1

k−2

k−1

⟩
3

=
((1.2.6))

⟨ k

k

1

k−1

k−1

1

k−3

k−1

⟩
3
−

[k−2]q

[k−1]q

⟨ k

k

1

k−1

k−1

1

k−3

k−1

⟩
3

=−
[k−2]q

[k−1]q

⟨ k

k

11

k−1

k−3

1

k−3

k−1

⟩
3

=
(Definition 1.2.1)

−
[k−2]q

[k−1]q

⟨ k

k

11

k−1

k−3
1

1

k−3

k−1

⟩
3

=
(Definition 1.2.1)

−
[k−2]q

[k−1]q

⟨ k

k

11

k−1

k−3

k−2

1

k−1

⟩
3

=
(Definition 1.2.1, (1.2.9))

− (−1)k−3 1
[k−1]q

⟨ k

k

11

k−1

k−3

k−2

1

k−1

⟩
3

=
(Definition 1.2.1)

− (−1)k−3 1
[k−1]q

⟨ k

k

11

k−1

k−2

k−2

1

k−1

⟩
3

=
(the induction hypothesis)

− (−1)k−3 1
[k−1]q

⟨ k

k

1

⟩
3

We use (1.2.10) with the label k−2 in the fifth equation. Regarding second equality, we
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have

⟨ k

k

1

k−1

k−1

1

k−3

k−1

⟩
3
= 0

by using Definition 1.2.1 and (1.1.7). Hence,

⟨ k

k

1

⟩
3
=

[k]2
q−1

[k]q[k−1]q

⟨ k

k

1

⟩
3

We can check easily the following equation by Lemma 1.1.1.

[k]2
q−1

[k]q[k−1]q
=

[k+1]q

[k]q
(2.1.8)

Therefore, (2.1.7) holds for n = k. In addtion, the equation formula (2.1.7) holds for
k = 1 by definition of A2 bracket. We can prove easily that if we use (2.1.8) repeatedly,
then Lemma2.1.7 holds. □

Proof of Proposition2.1.6. We have

⟨ n− l

n− l

n− k

n−k

k

l

k l

n

n

⟩
3

=
(Theorem1.2.5)

min{k+l,n}∑
t=max{k,l}

ψ(n, t,k, l)
⟨ n− l

n− l

n− k

n− k

t− k

t− l

k l

n

n

⟩
3

=
((1.1.6), Lemma 2.1.7)

min{k+l,n}∑
t=max{k,l}

[n− k+1]q[n− l+1]q

[n+1− t]2
q

ψ(n, t,k, l)
⟨ n− t

n− t

t t

n

n

⟩
3
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=
(( 1.2.16))

min{k+l,n}∑
t=max{k,l}

n∑
a=t
Ω(n, t,k, l)

⟨ n

n n−a

n−a

a a

⟩
3
.

□

2.2 Proof of Main Theorem 1
Recall Main Theorem 1.

Main Theorem 1 ([Kaw]). Let α,β,γ be non-zero integers. The one-row colored sl3
Jones polynomials for pretzel links P(α,β,γ) are the following:

Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)

=
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

min{s+m|γ|,n}∑
t=max{s,m|γ|}

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ

×ψ(n, s,k|α|, l|β|)ψ(n, t, s,m|γ|)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

,

(2.2.1)

Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)

=
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

min{a+t+m|γ|,n}∑
t=max{a,m|γ|}

min{a+t+m|γ|,n}∑
t=max{a,m|γ|}

(q
n2+3n

3 )−(α+β−2γ)χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)

×ϕ(n,m1,m2, ...,m|γ|)qϵγΩ(n, s,k|α|, l|β|)ψ(n, t,a,m|γ|)

×q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

(2.2.2)

where qϵγ = q
γ
|γ| .
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Proof. We first prove (2.2.1).

Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)

=
(Definition 2.1.3)

(q
n2+3n

3 )2α+2β+2γ
⟨ n

2α 2β 2γ

⟩
3
/∆(n,0)

=
(Theorem 1.2.5)

(q
n2+3n

3 )2α+2β+γ2
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

ϕ(n,k1,k2, ...,k|α|)qϵα

×
⟨ n

k|α| 2β 2γ

⟩
3
/∆(n,0)

=
(Theorem 1.2.5)

∑
0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ

×
⟨

n

k|α|
l|β|

m|γ|

⟩
3
/∆(n,0)

=
((1.1.7))

∑
0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ
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×
⟨

n

k|α| l|β|
m|γ|

⟩
3
/∆(n,0)

=
(Theorem 1.2.5)

∑
0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ

×ψ(n, s,k|α|, l|β|)
⟨

n

s s m|γ|

⟩
3
/∆(n,0)

=
(Theorem 1.2.5)

∑
0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

min{s+m|γ|,n}∑
t=max{s,m|γ|}

(q
n2+3n

3 )2α+2β+2γϕ(n,k1,k2, ...,k|α|)qϵαϕ(n, l1, l2, ..., l|β|)qϵβϕ(n,m1,m2, ...,m|γ|)qϵγ

×ψ(n, s,k|α|, l|β|)ψ(n, t, s,m|γ|)
⟨ n

t t

n− t

n− t

⟩
3
/∆(n,0).

Then, we show (2.2.2).

Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)

=
(Definition 2.1.3)

(q
n2+3n

3 )−(α+β−2γ)
⟨ n

α β 2γ

⟩
3
/∆(n,0)
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=
(Proposition 2.1.1)

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

χsign(α)(n,k1,k2, ...,k|α|)

×
⟨ n

k|α| β 2γ

⟩
3
/∆(n,0)

=
(Proposition 2.1.1,Theorem 1.2.4)

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

×χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)ϕ(n,m1,m2, ...,m|γ|)qϵγ

×
⟨

n

k|α|
l|β|

m|γ|

⟩
3
/∆(n,0)

=
((1.1.6))

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

×χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)ϕ(n,m1,m2, ...,m|γ|)qϵγ

×
⟨ n− l|β| n−m|γ|

n

k|α|

⟩
3
/∆(n,0)

=
(Propositon 2.1.6)

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)
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ϕ(n,m1,m2, ...,m|γ|)qϵγ

⟨ n

a m|γ|

n−a

n−m|γ|

⟩
3
/∆(n,0)

=
((1.1.6))

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)

×ϕ(n,m1,m2, ...,m|γ|)qϵγΩ(n, s,k|α, l|β|)
⟨ n

a m|γ|

n−a

n−m|γ|

⟩
3
/∆(n,0)

=
(Theorem 1.2.5)

(q
n2+3n

3 )−(α+β−2γ)
∑

0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

min{s+mγ,n}∑
t=max{s,mγ}

χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)

×ϕ(n,m1,m2, ...,m|γ|)qϵ|γ|Ω(n, s,k|α|, l|β|)ψ(n,a,m|γ|, t)
⟨ n

t t

n− t

n− t

⟩
3
/∆(n,0)

=
((1.1.12))

∑
0≤k|α|≤k|α|−1≤···≤k1≤n

∑
0≤l|β|≤l|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|α|+l|β|,n}∑
s=max{k|α|,l|β|}

n∑
a=s

min{a+t+m|γ|,n}∑
t=max{a,m|γ|}

(q
n2+3n

3 )−(α+β−2γ)χsign(α)(n,k1,k2, ...,k|α|)χsign(β)(n, l1, l2, ..., l|β|)

×ϕ(n,m1,m2, ...,m|γ|)qϵγΩ(n, s,k|α|, l|β|)ψ(n, t,a,m|γ|)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

.

□

Remark 2.2.1. For n=1,2, ...,10, Theorem 2.1.1 is equal to Theorem 5.7 in [Yua17] for
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41,62 and 82 by using Mathematica. For example,

Jsl3(1,0)(41;q) = q3−q+1−q−1+q−3,

Jsl3(1,0)(41;q) = q8−q6−q5+q4+q3−2q2+3−2q−2+q−3+q−4−q−5−q−6+q−8,

Jsl3(3,0)(41;q) = q15−q13−q12−q11+2q10+q9−2q7−q6+4q5+2q4−2q3−4q2+5−4q−2

−2q−3+2q−4+4q−5−q−6−2q−7+q−9+2q−10−q−11−q−12−q−13+q−15,

...

Jsl3(10,0)(41;q) = q120−q118−q117−q116+q113+q112+q111+q110+q109+2q108+q107−q106

−3q105−4q104−3q103−3q102−q101+q99+2q98+5q97+8q96+6q95+4q94−2q93

−5q92−7q91−8q90−6q89−5q88−5q87+q86+8q85+14q84+15q83+11q82+4q81

−5q80−10q79−14q78−14q77−20q76−15q75−2q74+11q73+24q72+27q71+25q70

+15q69+2q68−9q67−20q66−34q65−38q64−27q63−7q62+15q61+35q60+43q59

+42q58+30q57+11q56−8q55−41q54−58q53−60q52−41q51−11q50+21q49+51q48

+64q47+65q46+48q45+20q44−27q43−66q42−84q41−79q40−50q39−7q38+37q37

+75q36+92q35+88q34+62q33+3q32−52q31−95q30−107q29−91q28−49q27+7q26

+61q25+104q24+116q23+103q22+44q21−23q20−82q19−120q18−121q17−91q16

−35q15+31q14+90q13+129q12+133q11+86q10+19q9−52q8−106q7−134q6

−120q5−76q4−10q3+61q2+116q+147+116q−1+61q−2−10q−3−76q−4−120q−5

−134q−6−106q−7−52q−8+19q−9+86q−10+133q−11+129q−12+90q−13+31q−14

−35q−15−91q−16−q−17−q−18−82q−19−23q−20+44q−21+103q−22+116q−23

+104q−24+61q−25+7q−26−49q−27−91q−28−107q−29−95q−30−52q−31+3q−32

+62q−33+88q−34+92q−35+75q−36+37q−37−7q−38−50q39−79q−40−84q−41

−66q−42−27q−43+20q−44+48q−45+65q−46+64q−47+51q−4821q−49−11q−50

−41q−51−60q−52−58q−53−41q−54−8q−55+11q−56+30q−57+42q−58+43q−59

+35q−60+15q−61−7q−62−27q−63−38q−64−34q−65−20q−66−9q67+2q−68

+15q−69+25q−70+27q−71+24q−72+11q−73−2q−74−15q−75−20q−76−14q−77

−14q−78−10q−79−5q−80+4q−81+11q−82+15q−83+14q−84+8q−85+1q−86−5q−87

−5q−88−6q−89−8q−90−7q−91−5q−92−2q−93+4q−94+6q−95+8q−96+5q−97

+−2q−98+1q−99−q−101−3q−102−3q−103−4q−104−3q−105−q−106+q−107+2q−108

+q−109+q−110+q−111+q−112+q−113−q−116−q−117−q−118+q−120.
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2.3 The knots 810, 815, 820 and 821

The knots 810,815,820 and 821 are four or five parameters pretzel knots. For these knots,
we can calculate the one-row colored sl3 Jones polynomials by combining a similar
method as three-parameter pretzel knots and links.

Theorem 2.3.1 ([Kaw]). The one-row colored sl3 Jones polynomials for P(−3,−2,3,−1)=
810, P(3,−1,−2,−1,3)= 815, P(3,−2,−3,1)= 820 and P(3,3,−1,2)= 821 are the follow-
ing:

Jsl3(n,0)(P(−3,−2,3,−1);q)

=
∑

0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

min{k3+l2,n}∑
t=max{k3,l2}

n∑
a=t

min{p3+m,n}∑
s=max{p3,m}

n∑
b=s

min{a+b,n}∑
u=max{a,b}

(q
n2+3n

3 )3χ−1(n,k0,k1,k2)χ−1(n, l0, l1)q−1χ1(n, p1, p2, p3)

×χ−1(n,m)Ω(n, t,k3, l2)Ω(n, s, p3,m)ψ(n,u,a,b)q−(n−u) (1−qn+1)(1−qn+2)
(1−qu+1)(1−qu+2)

,

(2.3.1)

Jsl3(n,0)(P(3,−1,−2,−1,3);q)

=
∑

0≤k3≤k2≤k1≤n

∑
0≤l≤n

∑
0≤m2≤m1

∑
0≤p≤n

∑
0≤r3≤r2≤r1≤n

min{k3+l,n}∑
t=max{k3,l}

n∑
a=t

min{p+r3,n}∑
s=max{p,r3}

n∑
b=s

min{a+m2,n}∑
u=max{a,m1}

min{b+m2,n}∑
v=max{b,m2}

(q
n2+3n

3 )−2χ1(n,k1,k2,k3)χ−1(n, l)ϕ(n,m1,m2)χ−1(n, p)

×χ1(n,r1,r2,r3)Ω(n, t,k3, l)Ω(n, s, p,r3)ψ(n,u,a,m2)ψ(n,v,u,b)q−(n−v) (1−qn+1)(1−qn+2)
(1−qv+1)(1−qv+2)

,

(2.3.2)
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Jsl3(n,0)(P(3,−2,−3,1);q),

=
∑

0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

min{k3+l2,n}∑
t=max{k3,l2}

n∑
a=t

min{p3+m,n}∑
s=max{p3,m}

n∑
b=s

min{a+b,n}∑
u=max{a,b}

q
n2+3n

3 χ1(n,k1,k2,k3)χ−1(n, l1, l2)q−1χ−1(n, p1, p2, p3)

×χ1(n,m)Ω(n, t,n− k3, l2)Ω(n, s,n− p2,n−m)ψ(n,u, t+a, s+b)q−(n−u) (1−qn+1)(1−qn+2)
(1−qu+1)(1−qu+2)

,

(2.3.3)

Jsl3(n,0)(P(3,3,−1,−2);q),

=
∑

0≤k3≤k2≤k1≤n

∑
0≤l3≤l2≤l1≤n

∑
0≤p≤n

∑
0≤m2≤m1≤n

min{k3+l3,n}∑
t=max{k3,l3}

n∑
a=t

min{p+m,n}∑
s=max{p,m}

n∑
b=s

min{t+s,n}∑
u=max{a,b}

(q
n2+3n

3 )−3χ1(n,k1,k2,k3)χ1(n, l1, l2, l3)χ−1(n, p)χ−1(n,m1,m2)

×Ω(n, t,k3, l3)Ω(n, s, p,m2)ψ(n,u,a,b)q−(n−u) (1−qn+1)(1−qn+2)
(1−qu+1)(1−qu+2)

.

(2.3.4)

Proof. We first prove (2.3.1).

Jsl3(n,0)(P(−3,−2,3,−1);q)

=(q
n2+3n

3 )3
⟨ n ⟩

3
/∆(n,0)

=
(Proposition 2.1.1)

∑
0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

(q
n2+3n

3 )3χ−1(n,k1,k2,k3)χ−1(n, l1, l2)q−1

χ1(n, p1, p2, p3)χ−1(n,m)
⟨ n

k3 l2 p3 m
⟩

3
/∆(n,0)
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=
(Proposition 2.1.6)

∑
0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

min{k3+l2,n}∑
t=max{k3,l2}

n∑
a=t

min{p3+m,n}∑
s=max{p3,m}

n∑
b=s

(q
n2+3n

3 )3χ−1(n,k0,k1,k2)χ−1(n, l0, l1)q−1χ1(n, p1, p2, p3)

×χ−1(n,m)Ω(n, t,k3, l2)Ω(n, s, p3,m)
⟨ n

a
n−a

b
n−b ⟩

3

=
(Theorem 1.2.5)

∑
0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

min{k3+l2,n}∑
t=max{k3,l2}

n∑
a=t

min{p3+m,n}∑
s=max{p3,m}

n∑
b=s

min{a+b,n}∑
u=max{a,b}

(q
n2+3n

3 )3χ−1(n,k0,k1,k2)χ−1(n, l0, l1)q−1χ1(n, p1, p2, p3)

×χ−1(n,m)Ω(n, t,k3, l2)Ω(n, s, p3,m)ψ(n,u,a,b)
⟨ n n−u

u

⟩
3

=
((1.1.12))

∑
0≤k3≤k2≤k1≤n

∑
0≤l2≤l1≤n

∑
0≤p3≤p2≤p1≤n

n∑
m=0

min{k3+l2,n}∑
t=max{k3,l2}

n∑
a=t

min{p3+m,n}∑
s=max{p3,m}

n∑
b=s

min{a+b,n}∑
u=max{a,b}

(q
n2+3n

3 )3χ−1(n,k0,k1,k2)χ−1(n, l0, l1)q−1χ1(n, p1, p2, p3)

×χ−1(n,m)Ω(n, t,k3, l2)Ω(n, s, p3,m)ψ(n,u,a,b)q−(n−u) (1−qn+1)(1−qn+2)
(1−qu+1)(1−qu+2)

.

We can prove (2.3.2), (2.3.3) and (2.3.4) in a similar way to (2.3.1). □

Remark 2.3.2. According to Main Theorem 1, Main Theorem 2, and Theorem 5.7 in
[Yua17], the one-row colored sl3 Jones polynomial is determined for all knots with eight
or fewer crossings except 816,817,818.
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Chapter 3

The tails of the one-row colored sl3
Jones polynomials for pretzel knots
and links

In this chapter, we first compute the minimum degree of the one-row colored sl3 Jones
polynomials for P(↓ α ↓,↑ β ↑,↓ 2γ ↑) and P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑). These give a normal-
ization of the one-row colored sl3 Jones polynomials. Then, we show Main Theorem 2.

3.1 The minimum degree of the one-row colored sl3 Jones
polynomials for pretzel links

Definition 3.1.1. Let f Laurant polynomial in Z[q±]. We define mindeg( f ) to be the
minimum degree of f expressed as Z[[q±]].

Definition 3.1.2. For any power series f (q), we define f̂ (q) by

f̂ (q) = ±q−mindeg( f (q)) f (q) =
∞∑

i=0

aiqi ∈ Z[[q]].

In the above normalization, we determine a0 to be positive.

Corollary 3.1.3. For positive integers α, β and γ, we have

(3.1.1) mindeg(Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) = −1
2

(α+β)n2− 1
2

(3α+3β−2)n,

(3.1.2) mindeg(Jsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)) = 2n
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Proof. First, we show (3.1.1).

mindeg(Jsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

=mindeg(
∑

0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

(q
n2+3n

3 )−(α+β−2γ) q−
1
6 (n2+3n)αq

1
2 (n−kα)q

∑α
i=1

1
2 (k2

i +ki)(q)n

(
α∏

i=1

(q)ki−1−ki)(q)kα

× q−
1
6 (n2+3n)βq

1
2 (n−lβ)q

∑β
i=1

1
2 (l2i +li)(q)n

(
β∏

i=1

(q)li−1−li)(q)kβ

× (q)−
2γ
3 (n2+3n)(q)n−mγ(q)

∑γ
i=1(m2

i +2mi)(q)2
n

(
γ∏

i=1

(q)mi−1−mi)(q)2
mγ

×
q−

kα+lβ
2 +sq(s+1)(s−kα−lβ)+kαlβ(1−qn+1−kα)(1−qn+1−lβ)(q)kα(q)lβ(q)2

n−kα
(q)2

n−lβ
(q)2n−s+2

(1−qn+1−s)2(q)2
n(q)2

n−s(q)s−kα(q)s−lβ(q)2n−kα−lβ+2(q)−s+kα+lβ

×
q(t+1)(t−a−mγ)+amγ(q)a(q)mγ(q)2

n−a(q)2
n−mγ

(q)2n−t+2

(q)2
n(q)2

n−t(q)t−a(q)t−mγ(q)2n−a−mγ+2(q)−t+a+mγ

q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

)

=mindeg(q−
1
2 (α+β)n2− 1

2 (3α+3β−2)n
∑

0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

q
1
2 (−kα)q

∑α
i=1

1
2 (k2

i +ki)q
1
2 (−lβ)q

∑β
i=1

1
2 (l2i +li)q−mγq

∑γ
i=1(m2

i +2mi)

×q−
kα+lβ

2 +sq(s+1)(s−kα−lβ)+kαlβq(t+1)(t−a−mγ)+amγqt)

=mindeg(q−
1
2 (α+β)n2− 1

2 (3α+3β−2)n
∑

0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

q
∑α

i=1
1
2 (k2

i +ki)q
∑β

i=1
1
2 (l2i−1+li)qm2

γ+mγq
∑γ−1

i=1 (m2
i +2mi)q

k2
α+l2

β
−(kα+lβ)

2

×qs+(s+1)(s−kα−lβ)+kαlβqt+(t+1)(t−a−mγ)+amγ)

=− 1
2

(α+β)n2− 1
2

(3α+3β−2)n
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We use 1
1−q = 1+q+q2+ · · · in the second equality. If lβ ≤ kα ≤ s, then

s+ (s+1)(s− (kα+ lβ))+ kαlβ
=s2+ s(2− (kα+ lβ)− kα− lβ+ kαlβ
=(s− kα+1)(s− lβ+1)−1
≥(kα− lβ+1)−1 ≥ 0

(3.1.3)

The same is true for kα ≤ lβ ≤ s. In the above last inequality, we have equality if and
only if lβ = kα = s holds. By the same method as the above, if a ≤mγ ≤ t and mγ ≤ a ≤ t,
then we can obtain

t+ (t+1)(t− (a+mγ))+amγ ≥ 0.(3.1.4)

The equality sign is valid for a = mγ = t and mγ = a = t. By (3.1.3), (3.1.4), k2
α− kα ≥ 0

and l2β− lβ ≥ 0, the fourth equality holds. Then, we can show (3.1.2) in a similar way.
□

3.2 Proof of Main Theorem 2
Recall Main Theorem 2.

Main Theorem 2 . Let α, β, and γ be positive integers. For oriented pretzel links
P(↓ α ↓,↑ β ↑,↓ 2γ ↑), there exists T sl3(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q) in Z[[q]] such that

T sl3(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)− Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) ∈ qn+1Z[[q]].

Moreover, for oriented pretzel knots P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑), there exists T sl3(P(↓ 2α ↑
,↓ 2β ↑,↓ 2γ ↑);q) in Z[[q]] such that

T sl3(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)− Ĵsl3(n,0)(P(↓ 2α ↓,↑ 2β ↑,↓ 2γ ↑);q)) ∈ qn+1Z[[q]].

Remark 3.2.1. For a simple Lie algebra, g, Le[Le00] proved the integrality theorem for
a quantum g invariant. This says Ĵsl3(n,0)(L;q) belongs to Z[[q]].

Definition 3.2.2. For two power series f̂ (q), ĝ(q) ∈ Z[[q]], we define f̂ (q) ≡n+1 ĝ(q) by
f̂ (q) = ĝ(q) in Z[[q]]/qn+1Z[[q]] for all n.

Proof of Main Theorem 2. We first proveMain Theorem 2 for P(↓ α ↓,↑ β ↑,↓ 2γ ↑).
There exists T sl3(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q) if and only if

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) ≡n+1 Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))(3.2.1)
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for all n. Let α and β both be odd or even. To begin with, we obtain the following by
Main Theorem 1 and Corollary 3.1.3:

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

=q
1
2 (α+β)n2+ 1

2 (3α+3β−2)nJsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

=
∑

0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

× (−1)
∑α

i=1 kiq
1
2 k2

αq
∑α−1

i=1
1
2 (k2

i +ki)(q)n

(
α∏

i=1

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
1
2 l2βq
∑β−1

i=1
1
2 (l2i +li)(q)n

(
β∏

i=1

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)2
n

(
γ∏

i=1

(q)mi−1−mi)(q)2
mγ

×
q−

kα+lβ
2 +sq(s+1)(s−kα−lβ)+kαlβ(1−qn+1−kα)(1−qn+1−lβ)(q)kα(q)lβ(q)2

n−kα
(q)2

n−lβ
(q)2n−s+2

(1−qn+1−s)2(q)2
n(q)2

n−s(q)s−kα(q)s−lβ(q)2n−kα−lβ+2(q)−s+kα+lβ

×
q(t+1)(t−a−mγ)+amγ(q)a(q)mγ(q)2

n−a(q)2
n−mγ

(q)2n−t+2

(q)2
n(q)2

n−t(q)t−a(q)t−mγ(q)2n−a−mγ+2(q)−t+a+mγ

qt (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

=
∑

0≤kα≤kα−1≤···≤k1≤n

∑
0≤l2β+1≤l2β≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)(q)n

(
α∏

i=2

(q)ki−1−ki)(q)n−k1(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)(q)n

(
β∏

i=2

(q)li−1−li)(q)n−l1(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)2
n

(
γ∏

i=2

(q)mi−1−mi)(q)n−m1(q)2
mγ

× q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(1−qn+1−kα)(1−qn+1−lβ)
(1−qn+1−s)2

(3.2.2)
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×
(q)kα(q)lβ(q)2

n−kα
(q)2

n−lβ
(q)2n−s+2

(q)2
n(q)2

n−s(q)s−kα(q)s−lβ(q)2n−kα−lβ+2(q)−s+kα+lβ

×
qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ(q)2

n−a(q)2
n−mγ

(q)2n−t+2

(q)2
n(q)2

n−t(q)t−a(q)t−mγ(q)2n−a−mγ+2(q)−t+a+mγ

(1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

(3.2.3)

where q
∑0

i=1
1
2 (k2

i +ki) = 1, q
∑0

i=1
1
2 (l2i +li) = 1, and q

∑0
i=1(m2

i +2mi) = 1 . Now,

(1−qn+1)(1−qn+2) =1−qn+2−qn+1+q2n+3

≡n+11.

In s− kα ≥ 0 and s− lβ ≥ 0,

qs2+s(1−qn+1−kα)(1−qn+1−lβ) =qs2+s−qn+1+s2+s−lβ −qn+1+s2+s−kα +q2n+2+(s2−kα)+(s−lβ)

≡n+1qs2+s.

Moreover,

qs

(1−qn+1−s)
= qs(1+qn+1−s+q2(n+1−s)+ · · ·)

= qs+qn+1+ (higher order terms)
≡n+1 qs.

By k1 > 0 and 1
2 (k2

1 − k1) ≥ 0, we have

q
1
2 (k2

1+k1) (q)n

(q)n−k1

= q
1
2 (k2

1+k1)

n∏
i=1

(1−qi)

n−k1∏
j=1

(1−q j)

= q
1
2 (k2

1+k1)
n∏

i=n−k1+1

(1−qi)

=

k1−1∏
i=0

(q
1
2 (k2

1+k1)−qi+n+1+ 1
2 (k2

1−k1))

≡n+1 q
1
2 (k2

1+k1).

(3.2.4)

If k1 = 0, then (3.2.4) is obvious. Similarly,

q
1
2 (l21+l1) (q)n

(q)n−l1
≡n+1 q

1
2 (l21+l1) (

l21− l1
2
≥ 0),
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qm1
(q)n

(q)n−m1

≡n+1 qm1 ,

qt2+t (q)2n−t+2

(q)2n−a−mγ+2
≡n+1 qt2+t (a+mγ ≥ t, t−a ≥ 0, t2−mγ ≥ 0),

and
qs2+s (q)2n−s+2

(q)2n−kα−lβ+2
≡n+1 qs2+s (kα+ lβ ≥ s, s− kα ≥ 0, s2− lβ ≥ 0).

Using kα > 0 and s− kα ≥ 0, the fact that

qs (q)n−kα

(q)n
= qs

n−kα∏
i=1

(1−qi)

n∏
j=1

(1−q j)

=
qs

n∏
j=n−kα+1

(1−q j)

=
qs

kα−1∏
j=0

(1−q j+n+1−k2α+1)

= qs(1+qn+1−kα + (higher order terms))
≡n+1 qs.

(3.2.5)

In the case of kα = 0, we can easily conform (3.2.5). Likewise,

qs (q)n−lβ

(q)n−s
≡n+1 qs (s− lβ ≥ 0),

qt (q)n−a

(q)n
≡n+1 qt (t−a ≥ 0),

qt (q)n−mγ

(q)n−a
≡n+1 qt (t−mγ ≥ 0).
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Hence,

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

min{kα+lβ,n}∑
s=max{kα,lβ}

n∑
a=s

min{a+mγ,n}∑
t=max{a,mγ}

(−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

(3.2.6)

In (3.2.6), we have

1
2

(k2
1 + k1+ l21+ l1)− (kα+ lβ)

=
1
2
{(k2

1 − kα)+ (k1− kα)+ (l21− lβ)+ (l1− lβ)}

≥ 0.

(3.2.7)

If kα+ lβ ≥ n+1, then

1
2

(k2
1 + k1+ l21+ l1) ≥ n+1

by (3.2.7). Then,

q
1
2 (k2

1+k1+l21+l1)
( n∑

s=max{kα,lβ}
×
( n∑

a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
(min{a+mγ,n}∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))

≡n+1 q
1
2 (k2

1+k1+l21+l1)
( n∑

s=max{kα,lβ}
×
( n∑

a=s

(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ
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×
(min{a+mγ,n}∑

t=max{a,mγ}

(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
= qn+1+ (high order terms)
≡n+1 0.

In the first congruence, we apply

(k2
α− kα) ≥ 0,(3.2.8)

(l2β− lβ) ≥ 0,(3.2.9)

s+ (s+1)(s− kα− lβ)+ kαlβ ≥ 0,(3.2.10)
t+ (t+1)(t−a−mγ)+amγ ≥ 0,(3.2.11)

and (3.2.7). As regards (3.2.10) and (3.2.11), see the proof of Corollary3.1.3. We use
1

1−q = 1+q+q2+ · · · for the second congruence. Thus, we have

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}
×
( n∑

a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
(min{a+mγ,n}∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
.

(3.2.12)

In (3.2.13), if a+mγ ≥ n+1, then

t+ (t+1)(t−a−mγ)+amγ+mγ+m2
γ

= (t−a+1)(t−mγ+1)−1+mγ+m2
γ

≥ t−mγ+1−1+mγ+m2
γ

= t+m2
γ ≥ n+1
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by using t ≥max{a,mγ} and m2
γ ≥ mγ. Thus, we have

qm2
γ+mγ

n∑
t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

n∑
t=max{a,mγ}

qm2
γ+mγqt+(t+1)(t−a−mγ)+amγ + (high oredr terms)

= qn+1+ (high order terms)
≡n+1 0.

Therefore,

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}
×
( n∑

a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
( a+mγ∑
t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
.

(3.2.13)

Then, consider the same as for Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)),

Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

=q
1
2 (α+β)(n+1)2+ 1

2 (3α+3β−2)(n+1)Jsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

=
∑

0≤kα≤kα−1≤···≤k1≤n+1

∑
0≤lβ≤lβ−1≤···≤l1≤n+1

∑
0≤mγ≤mγ−1≤···≤m1≤n+1

min{kα+lβ,n+1}∑
s=max{kα,lβ}

×
n+1∑
a=s

min{a+mγ,n+1}∑
t=max{a,mγ}

(−1)
∑α

i=1 kiq
1
2 k2

αq
∑α−1

i=1
1
2 (k2

i +ki)(q)n+1

(
2α+1∏
i=1

(q)ki−1−ki)(q)kα
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× (−1)
∑β

i=1 liq
1
2 l2βq
∑β−1

i=1
1
2 (l2i +li)(q)n+1

(
β∏

i=1

(q)li−1−li)(q)kβ

×
(q)m2

γ+mγ(q)
∑γ−1

i=1 (m2
i +2mi)(q)2

n+1

(
γ∏

i=1

(q)mi−1−mi)(q)2
mγ

× q−
−kα+lβ

2 qs+(s+1)(s−kα−lβ)+kαlβ(1−qn+2−kα)(1−qn+2−lβ)
(1−qn+2−s)2

×
(q)kα(q)lβ(q)2

n+1−kα
(q)2

n+1−lβ
(q)2(n+1)−s+2

(q)2
n+1(q)2

n+1−s(q)s−kα(q)s−lβ(q)2(n+1)−kα−lβ+2(q)−s+kα+lβ

×
q(t+1)(t−a−mγ)+amγ(q)a(q)mγ(q)2

n+1−a(q)2
n+1−mγ

(q)2(n+1)−t+2

(q)2
n+1(q)2

n+1−t(q)t−a(q)t−mγ(q)2(n+1)−a−mγ+2(q)−t+a+mγ

qt (1−qn+2)(1−qn+3)
(1−qt+1)(1−qt+2)

=
∑

0≤kα≤kα−1≤···≤k1≤n+1

∑
0≤lβ≤lβ−1≤···≤l1≤n+1

∑
0≤mγ≤mγ−1≤···≤m1≤n+1

min{kα+lβ,n+1}∑
s=max{kα,lβ}

n+1∑
a=s

min{a+mγ,n+1}∑
t=max{a,mγ}

(−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)(q)n+1

(
α∏

i=2

(q)ki−1−ki)(q)n+1−k1(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)(q)n+1

(
β∏

i=2

(q)li−1−li)(q)n+1−l1(q)kβ

×
(q)m2

γ+mγ(q)
∑γ−1

i=1 (m2
i +2mi)(q)2

n+1

(
γ∏

i=2

(q)mi−1−mi)(q)n+1−m1(q)2
mγ

× q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(1−qn+2−kα)(1−qn+2−lβ)
(1−qn+2−s)2

×
(q)kα(q)lβ(q)2

n+1−kα
(q)2

n+1−lβ
(q)2(n+1)−s+2

(q)2
n+1(q)2

n+1−s(q)s−kα(q)s−lβ(q)2(n+1)−kα−lβ+2(q)−s+kα+lβ

×
q(t+1)(t−a−mγ)+amγ(q)a(q)mγ(q)2

n+1−a(q)2
n+1−mγ

(q)2(n+1)−t+2

(q)2
n+1(q)2

n+1−t(q)t−a(q)t−mγ(q)2(n+1)−a−mγ+2(q)−t+a+mγ

qt (1−qn+2)(1−qn+3)
(1−qt+1)(1−qt+2)

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n+1

∑
0≤lβ≤lβ−1≤···≤l1≤n+1

∑
0≤mγ≤mγ−1≤···≤m1≤n+1

min{kα+lβ,n+1}∑
s=max{kα,lβ}

n+1∑
a=s

min{a+mγ,n+1}∑
t=max{a,mγ}

(−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ
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× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
q

(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n+1

∑
0≤lβ≤lβ−1≤···≤l1≤n+1

∑
0≤mγ≤mγ−1≤···≤m1≤n+1

× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

(n+1∑
a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
a+mγ∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
.

If k1 = n+1, then we have

(−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

=(−1)n+1q
(n+1)2+n+1

2
(−1)

∑α
i=2 kiq

∑α−1
i=2

1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

= (−1)n+1qn+1+ 1
2 (n2+n) (−1)

∑α
i=2 kiq

∑α−1
i=2

1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

.

(3.2.14)

Thus, when k1 = n+1,

Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k2≤n+1

∑
0≤lβ≤lβ−1≤···≤l1≤n+1

∑
0≤mγ≤mγ−1≤···≤m1≤n+1
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× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

(n+1∑
a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
a+mγ∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))

=
∑

0≤kα≤kα−1≤···≤k2≤n+1

(−1)n+1qn+1+ 1
2 (n2+n)(

(−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

×
∑

0≤lβ≤lβ−1≤···≤l1≤n+1

(−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

×
( ∑

0≤mγ≤mγ−1≤···≤m1≤n+1

(q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

(n+1∑
a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
a+mγ∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))

≡n+1

∑
0≤kα≤kα−1≤···≤k2≤n+1

(−1)n+1qn+1+ 1
2 (n2+n) (−1)

∑α
i=1 ki

(
α∏

i=2

(q)ki−1−ki)(q)kα

×
∑

0≤lβ≤lβ−1≤···≤l1≤n+1

(−1)
∑β

i=1 li

(
β∏

i=2

(q)li−1−li)(q)kβ

×
∑

0≤mγ≤mγ−1≤···≤m1≤n+1

(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ
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×
( kα+lβ∑

s=max{kα,lβ}

(n+1∑
a=s

(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
a+mγ∑

t=max{a,mγ}

(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
= qn+1+ (high order terms)
≡n+1 0.

We use (3.2.14) in the second equation and (3.2.10) and (3.2.11) in the third congruence
and 1

1−q = 1+ q+ q2 + · · · for the forth equation. By a similar calculation for l1 = n+ 1
and m1 = n+1, we obtain

Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k2≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

× (−1)
∑α

i=1 kiq
∑α−1

i=1
1
2 (k2

i +ki)

(
α∏

i=2

(q)ki−1−ki)(q)kα

× (−1)
∑β

i=1 liq
∑β−1

i=1
1
2 (l2i +li)

(
β∏

i=2

(q)li−1−li)(q)kβ

× (q)m2
γ+mγ(q)

∑γ−1
i=1 (m2

i +2mi)(q)n+1

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

(n+1∑
a=s

q
(k2
α−kα)+(l2

β
−lβ)

2 qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
a+mγ∑

t=max{a,mγ}

qt+(t+1)(t−a−mγ)+amγ(q)a(q)mγ

(q)t−a(q)t−mγ(q)−t+a+mγ(1−qt+1)(1−qt+2)

)))
.

(3.2.15)

According to (3.2.13) and (3.2.15),

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) ≡n+1 Ĵsl3(n+1,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)).

Similarly, we can prove Main Theorem 2 for P(↓ α ↓,↑ β ↑,↓ 2γ ↑) when one of α and β
is odd and the other is even. Note that

Ĵsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q)) = −q
1
2 (α+β)n2+ 1

2 (3α+3β−2)nJsl3(n,0)(P(↓ α ↓,↑ β ↑,↓ 2γ ↑);q))

in this case. Moreover, we can show Main Theorem 2 for P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑) in the
same way we prove Main Theorem 2 for P(↓ α ↓,↑ β ↑,↓ 2γ ↑). □

We obtain explicit formulae of the tails of P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑).
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Definition 3.2.3. Let power series fn(q), F(q) ∈ Z[[q]] for n ≥ 1. We define

lim
n→∞

fn(q) = F(q)

by fn(q) ≡n+1 F(q).

Theorem 3.2.4 (Kawasoe). Let α, β and γ be positive integers. The tail of the one-row
colored sl3 Jones polynomials for pretzel links P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑) are the followng:

(3.2.16)

T sl3(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q)

= lim
n→∞

Ĵsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q))

=(q)3
∞

∑
0≤kα≤kα−1≤···≤k1

∑
0≤lβ≤lβ−1≤···≤l1

∑
0≤mγ≤mγ−1≤···≤m1

× (q)−kα(q)
∑α

i=1(k2
i +2ki)

(
α∏

i=2

(q)ki−1−ki)(q)2
kα

× (q)−lβ(q)
∑β

i=1(l2i +2li)

(
β∏

i=2

(q)li−1−li)(q)2
lβ

× (q)−mγ(q)
∑γ

i=1(m2
i +2mi)

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ

×
( s+mγ∑
t=max{s,mγ}

qt+(t+1)(t−s−mγ)+smγ(q)s(q)mγ

(q)t−s(q)t−mγ(q)−t+s+mγ(1−qt+1)(1−qt+2)

))
.

Proof. Main Theorem 2 ensures the existence of the limit of Ĵsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓
2γ ↑);q)). Then, we have
(3.2.17)

Ĵsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q))

=q−2nJsl3(n,0)(P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑);q))

≡n+1

∑
0≤kα≤kα−1≤···≤k1≤n

∑
0≤lβ≤lβ−1≤···≤l1≤n

∑
0≤mγ≤mγ−1≤···≤m1≤n

× (q)−kα(q)
∑α

i=1(k2
i +2ki)(q)n

(
α∏

i=2

(q)ki−1−ki)(q)2
kα

× (q)−lβ(q)
∑β

i=1(l2i +2li)(q)n

(
β∏

i=2

(q)li−1−li)(q)2
lβ

× (q)−mγ(q)
∑γ

i=1(m2
i +2mi)(q)n

(
γ∏

i=2

(q)mi−1−mi)(q)2
mγ

×
( kα+lβ∑

s=max{kα,lβ}

qs+(s+1)(s−kα−lβ)+kαlβ(q)kα(q)lβ

(q)s−kα(q)s−lβ(q)−s+kα+lβ
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×
( s+mγ∑
t=max{s,mγ}

qt+(t+1)(t−s−mγ)+smγ(q)s(q)mγ

(q)t−s(q)t−mγ(q)−t+s+mγ(1−qt+1)(1−qt+2)

))
in the same way that we got (3.2.13). Then, we can obtain (3.2.16) by using (3.2.17). □

Remark 3.2.5. The one-row colored sl3 Jones polynomial for P(2,2,2) multiplied by
q−2n is

n = 1 : 1−2q+q2+2q3−q4+3q5+2q6+2q8+q9,

n = 2 : 1−2q−q2+6q3−7q5+2q6+7q7−3q8−6q9+5q10+ · · · ,
n = 3 : 1−2q−q2+4q3+4q4−3q5−13q6+2q7+18q8+6q9−14q10 · · · ,
n = 4 : 1−2q−q2+4q3+2q4+q5−9q6−10q7+8q8+18q9+18q10 · · · ,
n = 5 : 1−2q−q2+4q3+2q4−q5−5q6−6q7−4q8+11q9+25q10+ · · · ,
n = 6 : 1−2q−q2+4q3+2q4−q5−7q6−2q7−q9+18q10+ · · · ,
n = 7 : 1−2q−q2+4q3+2q4−q5−7q6−4q7+4q8+3q9+6q10+ · · · ,
n = 8 : 1−2q−q2+4q3+2q4−q5−7q6−4q7+2q8+7q9+10q10+ · · · ,
n = 9 : 1−2q−q2+4q3+2q4−q5−7q6−4q7+2q8+5q9+14q10+ · · · ,
n = 10 : 1−2q−q2+4q3+2q4−q5−7q6−4q7+2q8+5q9+12q10+ · · · .

Using Mathematica, we computed the first 30 terms of T sl3(P(↓ 2 ↑,↓ 2 ↑,↓ 2 ↑);q):

T sl3(P(↓ 2 ↑,↓ 2 ↑,↓ 2 ↑);q)

≡311−2q−q2+4q3+2q4−q5−7q6−4q7+2q8+5q9+12q10+5q11−3q12−10q13

−13q14−15q15−6q16+9q17+18q18+23q19+18q20+18q21−3q22−21q23

−33q24−39q25−32q26−18q27−3q28+21q29+48q30.
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Appendix A

Appendix

In this chapter, we give the 2m+1 times half twists formulae for two strands.

A.1 The 2m+1 times half twists formulae for two strands
with the same directions

We can also compute T (2,2m+1), P(↓ α ↓,↑ β ↑,↓ 2γ ↑) and P(↓ 2α ↑,↓ 2β ↑,↓ 2γ ↑) by
using the following proposition.

Proposition A.1.1 (Kawasoe). Let n be a positive integer and k0 = n. For a positive
integer m, we have

⟨
2m+1 times half twists

n

n

⟩
3
=

∑
0≤km≤km−1≤···≤k0≤n

ξ1(n,k0,k1, ...,km)
⟨ km

km

n− km

n

n

⟩
3

(A.1.1)

where

ξ1(n,k0,k1, ...,km) = (−1)n−k0
q−

1
3 (n2+3n)mq

1
6 (−n2+3k2

0)q
∑m

i=1(k2
i +ki)(q)nq

1
2 (k0−km)(q)n(q)k0

(q)n−k0

∏m
i=1(q)ki−1−ki(q)k2

m

.
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For a negative integer m, we have

⟨
2m+1 times-half twists

n

n

⟩
3
=

∑
0≤k|m|≤k|m|−1≤···≤k0≤n

ξ−1(n,k0,k1, ...,k|m|)
⟨ k|m|

k|m|

n− k|m|

n

n

⟩
3

(A.1.2)

where

ξ−1(n,k0,k1, ...,k|m|) = (−1)n−k0
q

1
3 (n2+3n)mq

1
6 (n2−6nk0+3k2

0)q
∑|m|

i=1(−k2
i −ki)(q)nq−

1
2 (k0−k|m|)(q)n(q)k0

(q)n−k0

∏|m|
i=1(q)ki−1−ki(q)k2

|m|

Proof. We can prove Proposition A.1.1 in the same way as Proposition 2.1.1 by using
the following theorem. □

Theorem A.1.2 ([Yua21]). Let n be a non-zero integer and k0 = n. For a integer m, we
have

⟨
m times half twists

n

n

⟩
3
=

∑
0≤k|m|≤k|m|−1≤···≤k0≤n

κ(n,k0,k1, ...,k|m|)qϵm

⟨ k|m|

k|m|

n− k|m|

n

n

⟩
3

(A.1.3)

where

κ(n,k0,k1, ...,k|m|)qϵm =
q−

1
3 (n2+3n)mq

∑|m|
i=1(k2

i +ki)(q)nq
1
2 (k0−km)(q)k0∏|m|

i=1(q)ki−1−ki(q)k|m|

and qϵm = q
|m|
m .

Concerning (2.2.2) in Main Theorem 1, we can also compute the one-row colored
sl3 Jones polynomials for pretzel links P(↓ α ↓,↑ β ↑,↓ 2γ ↑) by using Proposition A.1.1
and Theorem A.1.2 instead of Propositon 2.1.1.
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Theorem A.1.3 (Kawasoe). Let α, β and γ be non-zero integers. The one-row colored
sl3 Jones polynomials for pretzel links P(↓ α ↓,↑ β ↑,↓ 2γ ↑) are the following:

Jsl3(n,0)(P(↓ 2α+1 ↓,↑ 2β+1 ↑,↓ 2γ ↑);q)

=
∑

0≤k|2α+1|≤k|2α|≤···≤k1≤n

∑
0≤l|2β+1|≤l|2β|≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|2α+1|+l|2β+1|,n}∑
s=max{k|2α+1|,l|2β+1|}

n∑
a=s

min{a+s,n}∑
t=max{a,s}

(q
n2+3n

3 )−(2α+2β−2γ+2)ξsign(2α+1)(n,k1,k2, ...,k|2α+1|)

× ξsing(2β+1)(n, l1, l2, ..., l|2β+1|)ϕ(n,m1,m2, ...,m|γ|)qϵγΩ(n, s,k|2α+1|, l|2β+1|)

×ψ(n,a,m|γ|, t)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

,

(A.1.4)

Jsl3(n,0)(P(↓ 2α+1 ↓,↑ 2β ↑,↓ 2γ ↑);q)

=
∑

0≤k|2α+1|≤k|2α|≤···≤k1≤n

∑
0≤l2|β|≤l2|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|2α+1|+l2|β|}∑
s=max{k|2α+1|,l2|β|}

n∑
a=s

min{a+γ,n}∑
t={a,mγ}

(q
n2+3n

3 )−(−2α−2β+2γ−1)ξsign(2α+1)(n,k1,k2, ...,k|2α+1|)κ(n, l1, l2, ..., l2|β|)qϵβ

×ϕ(n,m1,m2, ...,m|γ|)qϵ|γ|Ω(n,k|2α+1|, l2|β|, t)ψ(n, t,a,m|γ|)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

,

(A.1.5)

Jsl3(n,0)(P(↓ 2α+1 ↓,↑ 2β ↑,↓ 2γ ↑);q)

=
∑

0≤k|2α+1|≤k|2α|≤···≤k1≤n

∑
0≤l2|β|≤l2|β|−1≤···≤l1≤n

∑
0≤m|γ|≤m|γ|−1≤···≤m1≤n

min{k|2α+1|+l2|β|}∑
s=max{k|2α+1|,l2|β|}

n−s∑
a=0

min{a+s,n}∑
t={a,s}

(q
n2+3n

3 )−(−2α−2β+2γ−1)χsign(2α+1)(n,k1,k2, ...,k|2α+1|)κ(n, l1, l2, ..., l2|β|)qϵβ

×ϕ(n,m1,m2, ...,m|γ|)qϵ|γ|Ω(n,k|2α+1|, l2|β|, t)ψ(n, t,a,m|γ|)q−(n−t) (1−qn+1)(1−qn+2)
(1−qt+1)(1−qt+2)

.

(A.1.6)

Proof. We can show Theorem A.1.3 in a similar to proving Main Theorem 1. □
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Remark A.1.4. When we use compute he one-row colored sl3 Jones polynomials for
pretzel links P(↓ α ↓,↑ β ↑,↓ 2γ ↑) by using Mathematica, we can obtain the results more
quickly using Theorem A.1.3 than Main Theorem 1.

A.2 The 2m+1 times half twists formulae for two strands
with opposite directions

Proposition A.2.1. Let n be a positive integer and k0 = n. For a positive integer m, we
have
(A.2.1)

⟨
2m+1 times half twists

n

n

⟩
3
=

∑
0≤km+1≤km≤···≤k1≤n

ι(n,k1,k2, ...,km+1)
⟨ km+1

n− km+1

n

n

⟩
3

where

ι(n,k1,k2, ...,km+1) = q−
4
3 m(n2+3n)+n2+4n(−1)km+1

q
1
6 (4k2

m−6kmkm−1+3k2
m+1)q

∑m
i=1(k2

i +2ki)∏m+1
j=1 (q)k j−1−k j(q)km(q)km+1

.

Proof. We can easily show this by using Lemma 1.2.3 and Theorem 1.2.4. □

Remark A.2.2. We expect to use Proposition A.2.1 to compute pretzel knots for which
all three parameters not included in the result of Main Theorem 1 are odd.
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