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GAUGEFIELDASSOCIATEDWITH

THETHERMAL-BOGOL,IUBOV

TRANSFORMATION

KOICHINAKAMURA

Thermofielddynamics(TFD),whichisarealtimequantumfieldtheory

withthemaldegreesoffreedom,iswellestablishedasatheoryofequilib-

riumsystems[1].TFDisalsoextendedtodescribetime-dependent

phllomenaalldyieldsmanyinterestingresults[2][3].Sofar,however,most

argumentsarelimitedtothespatiallyhomogeneouscases.Inthepaperin

Ref.[4],weproposedawaytoextendTFDtospatiallyinhomogeneous

systems.

111TFDwehavetwokindsoffields,thefieldbywhichthedynamicsof

thesystem .isdescribedandonewhichhasthethermalvacuumasits

vacuum.Thesetwofieldsarerelatedwitheachotherbythethermal

Bogoliubovtransforlnationwhichdependsontheparameterscharacterizing

thethermalstateofthesystem.For仁hespatiallyinhomogeneoussystem,

theseparametersandhencethethermalBogoliubovtransformationmust

depelldonthespace-timecoordinates.Thespace-timcdependellceofthe

thermalBogoliubovtransformationleadsthenollcommutativityofthe

derivationwithrespecttospace-timecool'dlnatesandthetransformatioll.

Thismotivatesus'tointroduceagaugefieldassociated、viththethermaI

Bogoliubovtransformationtoconstructthecovariantderivative.The

purposeofthisnoteistosho、vhowitcanbedone.
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LetusbeginbyrecapitしtlatingtheresultsofRef.[4]toshowhow.to

constructthespace-timedepcndentthermalBogliubovtransformation.

Asisknown[2],inthespatiallyhomogeneousTFD,thethermal

BogoliubovtransformationmatrixBcontainsthethreeparameters,γzh,αk,

Sk.

Forsimplicity,wechoosethepaticularvaluesofα 女=1andsk=(1/2)ln

(1十nh).Forthischoice,BhasasimpleforMas

Bln・】一(1t:η 夫 一り ・ (1)

withσbeing1(-1)forbosonic(fermionic)operators.

ThetransformationbyBisgenetatedformallybythefollowingoperater

transformations:

af=B-1園 μレξ髭

e-G[nk】e-Goξ ζeGOeG【nk],

(2)

砿==ξfB園 レμ

ビG困 ビG・ ξ£・G・eci"・1,

where
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G・一輌(!;)μ ξも(3勾

Gl勾 一輌 £(;;)μ レξ9・ ㈹

Hereweusetheusualthermaldoubletnotation[3].

Togeneralizetheabovetrasformationtospatiallyinhomogeneoussitua-

tions,wenotethatGineq.(3b)canberewritten[5]as

C同 一(t
,)、岬 』 ・詞(4)

with

嚥)一(f,),fdヴ ・商 ξ(ち5+;万)・(1;)μ レξ(ち正一1司 ・・(5)

ドロ ロカ レ

Herethefieldsξ(t,冗)μand .ξ{t,x)μaredefilledby

ξ(ち正)・一(2;,/、 岬 じ〔(6勾

ξ(ち豆)・一(26,/,声 ξ£e-`尼f+呼 ㈹

whichobeytheequaltimecommutationrelation,
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{ξ(t,∂)μ,ξ(t,∬)レ 」σ 二=5μ レδ(X"一 冨), (7}

whereし4,8]σmeans/1β 一 〇BA.

Inthetimedependentbutspatiallyhomogerieeuscase[2],weintrocuce

thetimedependentBogoliubovtransformalionbyconsideringnkinG[7zk],

henceinB[nh],tobetimedependent、Forspatiallyinhomogeneoussitua-

tion,itseenisquitenaturaltomodifythegeneratorG[vek]byreplacingnk

in(4)withthespace-timedependentnh(',王)≡n(彦3;歪).

Thetransformations{2)withthusgeneralizedG[n(t,i;]5)]leadthe

momentummixingBogo目ubovtransformations[4,6]

α:ω・「21)、 胸 呈♂(£-k:')-iB-'[n(ち豆;;ぽ))1μ リe酬 い8α)

ak(t)p-(21調d壼(r畑 恥 あ;;繭)1レ μ,(8b}

whichassurethecommutationrelation

ロザ 　ウ

1α・(`)μ,at{t)り ・=δ ・"δ(k-i),

Wen・t・thatn(ちM;
.だ)i・exp・es・edas

n(蘂 一 声 嬬δ(・lak+;κ(t)'a、 一芸κω11・)・

(9)
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Nowletusconstructthefieldoperatorsφ(1,7)andφ(t,菊forthe

oscillatorvariablesak(t)andak(のas

φ(ち呈)・一(2≒6輌)・e`尽 ぞ・

φ(t・i)・一(S
.)》 煽 り・e-'k'".

Becauseofeq.(9),thefieldoperatorsintroducedab～)vesatisfythecanoni-

calcommutationrelationforatype夏field,i.e.afieldwhichcontainsonly

thepositivefrequencypart:

{φ(ち 正)μ,φ(ち .1ア)レ】=δ μツ5(冨 －y)・.(10)

BytakingFouricrtransformofeq.(8),wegettheBogohubovtransforma-

tionswhich・relatethefieldsφ{',元)andiP(t,三}toξ(t,元>andξ(t,王):

銅 ・一(12π),何d`・`意 働B-w・;⑭;z)1μVξ(t・yTl)",(11司

φ(1ち豆)μ=(2
π),触 屋e-`一 ξ(t・yDYB[n(t・i(∂+y);雇)】 〃μ・(11b)

Thehlversetransformationstoeq,(11)aregivenby
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ξ(ぽ 一121)5触 ☆ 鞠B{n(ち;爾;雇)]""il(t・yT')"・

ξ(`・正)・一(t.戸 触5・ 一輌£{芸一9)φ(ち司"8-1{n(,,1(δ+の;E)|V'1・

(12a)

(12b)

Thespace-timedepedenceofn(i,元;雇)givesrisetothenoncom-

mutativityoftheBogoliubovtransformation(11)andthederivationswith

respecttospace-timecoordinates:

∂・φ(ちデ)・+
〔i.)、紳 ξ・一 輪(,・1(働 雇)w"φ 働"

一
(21融 声 一 β一1[n(ち;卵;ξ)】 ・・… ξ(ち∬}v・(13a)

乱 φ(ち遼)μ
1

(2π).

1

(2π)3

、枠 工・一 ∂・7t(£,;(冨卵)醐 〃磁〃μ

紳 ξ・二一 仇㈲ ・B【n(£・;剛;E)1…
(13b)

where

⇒ に:)
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Herethederivativeoperator∂ αis

或一{;僻{

definedby

α=2=1,2,3

α=0
(14)

andthefollowingnotationisalsoused:

∂in(1→ ∂ → →t'i(i+の;た)=∂x
・n(己1x;ん)N

..}(。+9)・(15)

Thenoncommutativityofthederivationsandlocal(space-timedepen-

dent)syrnmetrytransformationiscommonstoryin・thegaugetheoryfor-

malism.Thisenticeustointroducegaugefieldsassociatedwiththespace

三timedependentthermalBogoliubovtransformation(11).

Letusconsidernewfieldsん(匡,元;万)andassumethattheseんare

transformedlike

　や 　チ づ

/1α(t正 ・k,,)→/1α(t,冨;た)-i∂ αn(t,三;k)(16)

underthethermalBogoliubovtransformationwhichtrallsforms

ξ(ち至)μ→ φ(t,∂)μ・(17)

Byusingんthusintrodllced,wedefinetbeoperator、Dαby
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D。 ∫(ち∂)μ≡ ∂。∫(ち正)μ

一{豆1
)、紳 屋・'一 ん(t・;剛;雇)蟷 μw・

(18)

Then,fromeq.(13)andeq.(16),theoperatorDathusdefinedhasthe

simpletransformationproperty

Dα ξ(t,豆)μ →D.ip(t',豆)μ (19)

underthetransformation(11),sothattheopeatorDain(18)givesthe

covariantderivativewithrespecttothetermalBogoliubovtransformation

(11).

Themmimalcouplingofthegaugefield.、il`vtothefieldφcanbederived

intheusualway,thatis,byreplacing∂awithDαintheLagrangianwhich

isinvariantundertheglobaltransformation.

Forthesimplestexample,wetakeafreeSchr6dingerfieldwhichhasthe

TFDLarangian,

i・ 一 声 禎(ち鋼(t,`i1)・ 一 誌;(∂ ・φ(ちfド ・)(∂・δ(ち呈)・)}・. (20)

エ
ClearlyLoisinvariantunderaglobal(with7zhnotdependingonthespace

-timecoordiates)thermalBogoliubovtransformation .Wecantumthis

invariallceilltooneunderlocal(with77.kdependingollthespace-time

coordinate)transformation(11}byreplacing∂ αwithDαtoget
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i-fd聯f)・ 剛,豆)・ ㌃(D・ ψ(ち∂)・)(D`φ(t,i)・)}

2・一手 声 ρQ(ち蘂A・(£,魂

一ψ ψ £ゴQ輌(t
,蹴(t,詞,・

(21)

with

1

PQ=
(2π)3 力 醐 ち王+;δwφ(t、 ㎡－lg)u, (22a)

」Q・一(f
,)、声 ～:{∂ ・φ(ちf+;δwφ(ち 正－lt,〃,,

Wenotethat,illther.

becauseoftheidentity

h. S.

一41(ち弓o'蹴 φ(ち冨
二;o・}・.

(22b)

of(21),thetermquadraticinんvanishes

Mぎ=o. (23}

Thesecondandthethirdtermsofther.h.s.ofeq.(21)givestheiiiininial

couplingofthegaUgefieldtothefieldφ.

Thuswehavebeenabletointroducethegaugefieldassociatedwiththe

thermalBogoliubovtransformationand・teconstructitsminimalinteractien
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alOngaCOnVentiOnalWay.

Weremainwiththequestionofthephysicalinterpretationofthisgauge

field.

HerewenoteonlythattheUmezawa'sthermalenergy[7]Q(t)is

writtenbyusingpQineq.(22a)as

Qω 一ψ 平 ∂ln(刷 ρQ(ち商 ・

Thissuggeststhepossibilitythatwemaybeabletointerpretourgauge

fieldassomethermodynamicalforce.Thismustbeaveryinteresting

problemleftinthefuture.

IwouldliketothankProfessorH

helpfuldiscussions.

.UmezawaandDr.'Y.Yamanakafor
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